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Workshop Agenda for MODOT
June 28-30, 2022

Tuesday (6/28) 8:00 am — noon (CDT)

08:00 Welcoming remarks by instructors & host agency
08:10 Lesson O - Introduction

09:00 Lesson 1 - Fundamentals of Finite Element Analysis (FEA) & Modeling
(Part 1)

10:15 Short break
10:30 Lesson 1 - Fundamentals of Finite Element Analysis (FEA) & Modeling
(Part 2)

Q&A
12:00 Adjourn

Wednesday (6/29) 8:00 am — noon (CDT)

08:00 Lesson 2 - General Girder Bridge Modeling
09:30 Short break

09:40 Lesson 3 - Modeling Special Topics

10:40 Lesson 4 - Load Applications w/FEA software demo
Q&A

12:00 Adjourn

Thursday (6/30) 8:00 am — noon (CDT)

08:00 Lesson 5 - Problem set-up and analysis procedures using P/S girder bridge
example

09:30 Short break

09:40 Lesson 6 - Verification/Validation of results

10:40 Analysis to Design w/FEA software demo
11:40 Course closeout

Q & A/Course Evaluation

Closing remarks by host agency

12:00 Adjourn
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Instructors

* Waider Wong, PE, SE, MSSE.
+ Senior Structural Engineer
« FHWA Resource Center
» Waider.Wong@dot.gov

* Jeffrey Ger, PE, PhD.
» Senior Structural Engineer
 FHWA Resource Center
- Jeffrey.Ger@dot.gov

« Jamal Elkaissi, PE, MS
* Structural Engineer
« FHWA Resource Center
» Jamal.Elkaissi@dot.gov
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Welcome & Self-Introduction

* Please enter your name, position & office, course
expectations (short sentence) in the polling.
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Polling Question 1 (L0S5Q1):

How many years of experience with refined analysis
including but not limited to 2D grillage analogy, plates
over eccentric beam (PEB) or 3D FEA?

e "
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Polling Question 2 (L0S6Q2)::

Which finite element analysis (FEA) software package
you have the most experience with?

a) SAP 2000

b) MDX

c) MIDAS Civil

d) LUSAS

e) LARSA

f) ANSYS

g) ABAQUS

h) Others

i) None
Q .
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Workshop Outline

Lesson 0 - Workshop Introduction

Lesson 1 - Fundamentals of Finite Element Analysis (FEA) &
Modeling

Lesson 2 - General Girder Bridge Modeling
Lesson 3 - Modeling Special Topics
Lesson 4 - Load Applications

Lesson 5 - Problem set-up and analysis procedures using P/S
girder bridge example

Lesson 6 - Verification/Validation of results
Lesson 7 - Analysis to Design
Closeout — Assessment and Workshop Evaluations
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Workshop Outcomes

* Describe the applications of refined analysis methods

« Select an appropriate refined analysis method for given
bridge design and analysis scenarios

» Explain general steps and key parameters building a good
FEA model for common bridges.

* Validate FEA results and describe the importance of
validation efforts

* Describe the proper procedures for applying loads to a
FEA bridge model.

» Explain how to translate FEA results into design input and
code compliance.

2 o
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Lesson 0. Introduction
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Learning Outcomes

* Describe the difference between conventional analysis vs
refined analysis.

» Explain why refined analysis is needed or its benefits.

e o
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Introduction

Background

+ Computation mechanics and software enable engineers moving
away from girder-by-girder approximate procedures to a system
analysis approach.

* In contrary, current U.S. specifications and practice still rely
heavily on simplified, approximate analyses to determine the
structural effects of vehicle loading on bridge girders.

* Obstacles include the lack of software, lack of training, lack of
specifications, complexity and perceived high cost-to-benefit
ratio.

+ Benefits of line girder analysis — simple, uniform safety,
adequate and conservative for square slab and slab & girder

structures
e o990 1"
US Deparment o Tansportation o RESOURCE CENTER
Federal Highway Administration 0p0
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Introduction
Background (cont’d)
« European scan on “Assuring Bridge Safety & Serviceability
(ABSS) , June 2009:
* Five countries: Finland, Austria, Germany, France & UK.
» Two main focus areas:
+ Safety & serviceability measures during design,
construction, and operation.
* Refined analysis applications from design thru
operation.
e o9 12
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Introduction

Background (cont’d)

 Important Findings on “Refined Analysis” from the scan:

* No line girder distribution factors in design codes —
Refined analysis predominates analysis, design,
assessment of existing bridges.

* As minimum, use 2-D elastic analysis (grillage).
Approximate methods for quick review of refined analysis.

* Increased model sophistication provides more accurate
and most likely, higher available load carrying capacity.

* FHWA response to NTSB recommendation as a result of
FIU pedestrian bridge collapse investigation emphasized
on the importance of verifying results generated from
refined analysis .

@ Gy

0%o
US.Department of Tansportation O RESOURCE CENTER
Federal Highway Administration 0p0

6/16/2022

13
Introduction
Conventional Analyses
* 1-D, line girder analyses * Diaphragms and cross frame
- Distribution factors to account forces are not calculated
for live load distribution » Works well for ‘non-skewed’
- Long history, easily checked, and multi-girder bridges
simple concepts R
* Does not work well for curved
and highly skewed bridges
* Reasonably conservative
estimates demands on
girders
14



Refined Analyses

* Directly models transverse * Full 3D modeling of girders
behavior of bridge and deck

* Plate with Eccentric Beam * Solid, volume, brick elements
(PEB), shell elements used
for deck

« Grid or Grillage

* Shell element webs, beam
element flanges

* Include diaphragms and
cross frames
@ >
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15

Analysis Dimensions

* Defining by dimensions of analysis can lead to confusion
+ 3D model can use 1D elements
* 1D model can use 3D elements

* Definition adopted based on dimensions required to fully define
results

» 1D: results are dependent on just one coordinate, e.g. beam line
analysis

 2D: results are dependent on two coordinates, e.g. grillage or PEB.

 3D: results are dependent on three coordinates

()
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Introduction

Why refined analysis?
* Required by AASHTO LRFD - where the specification

approximate methods do not apply.

» Better understanding of behavior - by more rigorous
assessment of limit states.

* Increased economy - by going beyond use of approximate,
conservative design formulae.

— — = Computatio
nal Effort

* Improved safety evaluation- by full consideration of condition &
data such as section losses or as-built geometry

* Increased sustainability - by more frequent salvaging of
existing infrastructure

* Accelerated innovation development - as industry gains
deeper understanding of bridge behavior

* NCHRP 12-62 suggests 10% - 30% (slab on steel | girders) & 10%
- 20% (slab on concrete | girders) live load reduction compared to
LRFD LL Distribution factors.
e o 17
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Number of DOF, In®reasing

Camnutatinnal affart Aner

17

When to Use Refined Analysis

 Multi-girder bridges when: « Complex details
* Curved * Local stress concentration
+ Skews exceed 30 degrees analysis (shear lag)
* Complex geometry
« Significant savings possible
» Complex, long span
structures
» Cable stayed, arch, etc.

* Redundancy evaluations

* Investigate effects of loss of
members

* New guidance from AASHTO

R

o
Lo il e s v
US.Depariment of ransportation © RESOURCE CENTER
Federal Highway Administration 0g0

18

6/16/2022




State of Practice (Order of complexity)

* Line girder analysis (1D) with the use of D.F.*

* Grillage Analogy (2D) & PEB methods*

* Orthotropic plate theory methods T

- Folded plate theory methods oA .
« Semi-continuum methods L (" e e ”
* Finite strip methods* o

* Pseudo 3D finite element methods*

* Full 3D finite element methods*

e ; ooo_d.__:?_
19
Learning Outcome Review
* Describe the difference between conventional analysis vs
refined analysis.
* Explain why refined analysis is needed or its benefits.
e o
oomgen s G20
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Questions?

Next:
Lesson 1 Fundamental Finite Element

Method & Modeling (Part 1)
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Lesson 1 Fundamental
Finite Element Method &
Modeling (Part 1)

Learning Outcomes

e Part 1:

* Discuss the fundamental of structural modeling
+ Traditional matrix method in structural analysis

e Part 2:

* Finite element method in structural analysis

» Major differences between traditional and FE methods in structural
analysis

R

o
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Learning Outcomes

* Part 1:
* Discuss the fundamental of structural modeling
* Traditional matrix method in structural analysis

e o
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Structural Modeling

« Joint definition and degrees-of-freedom
* Global coordinates system (GCS)
« Joint coordinates system (JCS)
* Global degrees-of-freedom (Gdofs)

* Rigid body constraints

e o
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Joint definition and Degrees-of-Freedom
(FHWA Manual 2.3.3)

* Joint

* The point where two or more
elements are connected 2 A R 1.23 = Translational dofs
6
| &
\

4,5,6 = Rotational dofs

* Global coordinates system
(GCS)
« GCS, (Xy,Y,,Z,), defines the
locations qu structural joints
« Joint coordinates system (JCS)
+ JCS, (X;,Y;,Z;), defines the

directions of a joint’s global X Origin of GCS
degrees-of-freedom (Gdofs) s
+ Joint Gdofs: 3 translational & 3
rotational
Q .

0%
US. Department of Transportation © RESOURCE CENTER
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Joint definition and Degrees-of-

Freedom
* Gdofs
* Restrained dof
*  Free dof Y

* Rigid body constrained dof
* Condensed dof

> 5

ZZZ2| 2 sz

« Total # of global dofs = 6
* Free dofs =3,4,5
 Restrained dofs =1, 2,6

e o
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Rigid body constrain (FHWA Manual 1.4)

* Rigid body constrained dofs
+ If relative deformation between two joints is very small, two joints can
be considered as being constrained by a rigid body.
« The movement of one joint (the “slave” joint) can be determined by the
movement of the other joint (the “master” joint)
« The dofs for the slave joint can be ignored
* The total # of Gdofs can be reduced.

e o
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2-D Plane rigid body constrained dofs
* In-plane —rigid
* OQut-of-plane - flexible

e 00
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US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 00

4/4/2022



2-D Plane rigid body constrained dofs

* Assume slave joints at column locations (18 dofs)
»  Transfer column forces from slave joints to master joint through [T;,,]
* Reduce 18 dofs at slave joints to 3 dofs at master joint

@ Slave joint
@ Master joint

jmx 1 0 0 f'}.s'x ‘"f:;x
Frmy :[ 0 1 0] Fioy b = [Tl 4 Fisy
Mjonz Y X UM, Mg

Transformation
matrix

e o
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[

9
2-D Plane rigid body constrained dofs
* Transfer displacements at
master joint back to slave s
joints through [T,,]" '
Sjsx Sjmx
© {Gisy ¢ = [Tn]" { Sjmy
ejsz ejmz
* See appendix A
e 0%0o
ooy annn S 10
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2-D Plane rigid body constrained dofs

* Transfer column stiffness
matrix to master joint
through:

Fimx 6jmx

{Ffmy} = 2 [Tl [Kjs] [Trn]” {5jmy}

ijmz

5jmx
= [kjm] Sjmy
gjmz

. L [k [#s] [kss]
+  See Appendix A for derivation of [k, | D

& Slave joint
@ Master joint

6jmz

e o
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Federal Highway Administration 0g0
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[ [ L3
3-D Rigid body constrained dofs
[
(Appendix A) _ _
F/m 1 0 0 00 0 Fm
Zj ' F oy 0 1 0 0 0 OfF sy
* Msz F, 0 0 1 00 OfF,
Slave Joint =
Fisz M,, 0 -z, 7 10 0fM
I R R, 5 Fj._-' g e Misy M/m)' Zym 0 - Xmg 010 M/x)'
" I Rigid Body : Fisy
! X ' M Jmz - X]ij X ms 0 0 01 M/L"
________________ Ao Ajsx £ - N
Mjmz s i
2 . or
7 Fimz Mijmy H v
ms ]
1, 4=[1 0, )
Similarly,
Master Joint {5,5 }= I:Y;m ]T {é‘/iﬂ }
e 0%
US. Department of Transportation © RESOURCE CENTER 12
Federal Highway Administration 0g0
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3-D Rigid body constrained dofs

* Rigid body transformation

RIGID BODY

(i) = (Y1) 6) = )

Abutment longitudinal
<’ (parallel to backwally
Abutment transverse

(perpendicular to backwall)

R

o
US. Deparfment of Transportation

0~ O oo rayscrmmn
© RESOURCE CENTER

13
Application of rigid body constrain
° Reglon zones ) L:o-lunm Center Ling
* () = T[T (5} T s
: = [Kjm|{8m} R
¢ [Km] = ?:1[Tm]i[l<js]i[Tm]' .
/ { Beam Center Line
Rigid Zons
.
e 090
14
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Application of rigid body constrain

« Traditional line or grillage analysis:

NN

(a)
* Plate with eccentric beams:

Slave joint

Master jointl s

e o

0~ O emaruonsomesmonn
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Application of rigid body constrain
|
:
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Application of rigid body constrain

® : Master joint

- # : Slave joint

(spine model)

e o
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17

Knowledge Review -- Question 1wusison

For the structure shown below, which of the following statements

are true? Select all that apply.

A. The JCS at joint B is not coincident with GCS

B. The JCS at joint C is coincident with GCS

C. Total # of free DOFs is 6

D. All of the above

/s ch
Y

Zg i "

(GES) Yo /A/‘ ID_/ZT’ ?Depamemmmmmtm o ::fou“i"e‘i'éﬁ
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Knowledge Review -- Question 2 wass Qz,

An intermediate bent shown below has an integral concrete
diaphragm considered as a rigid body (link). A force P is applied at
the C.G. of the superstructure. How many constrained DOFs in

this model?
A. 3
&
B.6 . .
C.9
D. 12

@ master joint

e slave joint e
)

0% —
US. Deparfment of Transportation © RESOURCE CENTER
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19

Condensed dofs (FHWA Manual 5.4.2.4)
« Static Analysis: Mainly for

3 free DOFs Condensed to

the free DOF(s) with no - 1DOF

external load applied. g o o
* Dynamic Analysis: Mainly
for the DOF(s) with less
inertial force effects —

* Reduce dynamic
computation time

+ See Appendix B for details

e o
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US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration o o o

20

20

4/4/2022

10



Traditional Element Stiffness Matrix
Formulation (FHWA Manual 2.3.4)

* Element coordinate system (ECS)

* Truss element
* Beam element
 Spring element
* Point element

e o
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21

Traditional Element Stiffness Formulation

* Truss element (1dof)
s F=ke= %e
* Truss element (2 dofs)
s F="(e—¢)
L

AE
*Fp=—(¢—e)

AE
+— =~ —>
F AN o0 F

L A“-

,E

Fi A Fj
—> —>

e o

Lo gl e —
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Traditional Element Stiffness

Formulation
* Truss element (2 dofs) . " 7
« ECS: (X,,Y.,Z,) e -
- ECS may not coincide with _’|.|&L—.| e
GCS AE  —AE
* Can hav_e_rigid zone {Fi} _ l T L {ei}
(eccentricity) at each end F) —|-AE AE |l&
L L

_ [kii kij] {ei}
kji ki 8
k;; = Move one unit displacement at dof j direction,
what the force required in dof i direction is.

Start Jomt

e 0%
US.Department of Tansportation o RESOURCE CENTER 23
Federal Highway Administration 0g0
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Traditional Element Stiffness
Formulation ‘
) F S
+  Beam element (maximum of 12 dofs) . 5
- ECS (X,,Y., Z,) may not coincide with GCS v 5
« Can have rigid zone (eccentricity) at each end M 9’"
M, 0.,
14 _ M:{I ~ - 0:[7
=1t =iy
. F"b 5}'1)
B F:b 5:5
M‘&b g.xb
X Mj'b 9_1-5
/(‘(S be 0:5
Q .
US DeparimentofTonsporlation & RESOUREE EENTER 24
Federal Highway Administration 0g0
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stiffnesses
» Based on classical slope-
deflection method

=

<

Traditional Element Stiffness

Formulation
* Beam bending & shear

4E1 2EI
L L |6
=261 4E1|)6;

L L

From the equilibrium condition
of My, M;, V,, V;

[ 4El  2EI  6EI  —GEI |

L L 2 P

26 4B 6B -6kl || %
Al
A]

L L L2 L2

—12E]

OEL  6EI  12EI

7 7

—G6EI —6EI —12EI 12EI
L 7 I? 7 r
[ "

) ) —
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Traditional Element Stiffness

Formulation
* Spring element (1dof)

* May be oriented in one of 6
positions

* Distance between the start &
end joint can be assigned as

Zero.

Xe

}E Ze
B
Fx T / /sz
A < __ Ye
Fy
XS
Start Joint
@ ® (©)
Mx My
%? P
@ © ®
E hel e
US. Department of Transportation © RESOURCE CENTER

Federal Highway Administration 0g0
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Traditional Element Stiffness

Formulation
Point element (6 dofs) | |

¢ A 6x6 stiffness matrix

+ Bridge foundation stiffnesses 7
can be modeled by point R adaav e -~ S
elements. - [keloxe [keloxe

Q o

Lo gl e P ——
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27

Formulation of structural global
stiffness matrix

* By Direct Element (Stiffness) method (FHWA Manual 1.4)
* Define GCS & Gdofs (both free and restrained)

* Formulate each member stiffness matrix corresponding to element local
dofs in its ECS direction

» Convert each ECS element stiffness matrix to the Gdof directions

 Stack up all element stiffness matrix in the Gdof directions to form
structural global stiffness matrix

e o

(et i,
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Direct Element Method (FHWA Manual 1.4)

* Define global DOFs (both free and
restrained)

. Fi Fj
* Formulate each member stiffness — AE L,
matrix in its ECS direction e H He,

1 2 3 4
AE AE
- C—>- - o> —_— ___
§. © L9, 9 I N I
I | - = E) | AE AE |9
L L L = 2=
L L
1 = restrained global DOFs
2,3,4 = free global DOFs
e

o
) Lo e P —
US. Department of Transportation © RESOURCE CENTER
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29
Direct Element Method — Mapping
Table
Develop mapping to define associations between local and
global dofs
1 2 3 4 Fl AE F2
- c - e e . -
% @ | © L ® 4 tl element A
R DT D T l ’
@ FlG FZG
@ FZG F3G
@ F3G F4G
e oRo oo
30
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©) Fig Fag
Direct Element Method - [K] % = &

Map [K], into the global stiffness, [K], per the mapping table

DOF;| L 2 3 4

Kll)l K12)1 K11)2 K12)2 K11)3 KlZ)B 2

K31)1(K22)1 K21)2(K22) K31)3[K322)3 3

vy
?.
!

e ; (o ol o
31
Direct Element Method - [K]
8. Superimpose these elements into a global [K]
(K32)1 (K11)2 [(K12)2
(K21)2 (KZZ)Z (K11)3 (K12)3
(K21)3 (K22)3
@® @ ®
(K22)1 + (K11)2 (K12)2 0
[K] = (K21)2 (K22)2 + (K11)s  (Ki2)3
0 (K21)3 (K22)3
e oRo oo
32

4/4/2022
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Knowledge Review -- Question 3 wass; Qg)

An intermediate bent shown below has an integral concrete
diaphragm considered as a rigid body (link). A force P is applied at
the C.G. of the superstructure. What’s the size of the structural
stiffness matrix corresponding free DOFs?

A. 3x3
B. 9x9
C. 12x 12 poees

D. 21x21l l

4
Ve e

@ master joint US.Deparimentof Tansporiation 3 :E?ou"'i“&"é':"u"rﬁ
o slave joint Federal Highway Administration ~ © 5 ©
33
. I
Direct Element Method
 Convert element [S],.in its ECS to
the Gdof direction
* Force equilibrium
*Map [K], into the global stiffness,
[K], See Appendix C for more
details [
J (P} = [A1,(F,}
% 7;;\,]‘1 - 3 .5 l(See appendix C)
1,2.6 = restrained glfgbal DOFs {P.} = (1Al ISI.[A1D) (X}
3,4,5 = free global DOFs = [K].{X.}
e [Nl P—
34
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Modeling Loads

Joint load:
* Load applied at a joint

Element load:
- External element load

* Internal element load
*  Temperature, AT
«  Creep and shrinkage
*  Prestress, support settlement
« Transferred to the joints (i.e.
Equivalent nodal loads)

e Through axial &, M-¢p w/
conjugate beam theory

*  Get fixed-end forces

“v.
s

b

Equivalent nodal load Equivalent nodal load

777
»
4
» L % L
» N ‘ »
Fixed-end force
77T
o

Creep & Shrinkage
Prestress

AT
Equivalent nodal load ~ Creep & Shrinkage Equivalent nodal load

Prestre
< »
( 1.4 (
A AT 4 A
. ‘
Fixed-end force

d o

US. Department of Transportation oo “SOU""’.“E’E‘E‘E"E"{E‘;
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Modeling Loads

« Typical fixed-end moments
due to external element
loads

Point Loaps

a—

Y |

b4
[N

‘ ;
¥

Point MOMENTS
M
M M
i G§+E' 4
) s

DistriBUTED LOADS

=D

Mb
pl k) SEPR S P

wa’

L2 6% —8al +3a%)

wa?
120z 4L 3a)

qpitslisngy; g
a b

96\ 96
SUPPORT MOVEMENTS

)
R

o
070 e —
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Traditional matrix method in structural
analysis
* Advantages:
* Based on conventional mechanics of materials
* Close-formed element stiffness matrix formulation
* Member nodal forces & deformations are calculated directly
* Disadvantages:
* Member stress & strain can not be calculated directly

* The close-formed stiffness matrices for 2-D (plate & shell) and 3-D

(solid) elements are very difficult to derived, based on conventional
mechanics of materials.

e 0%
US Department of Tonsportafion & RESOURCE CENTER 37
Federal Highway Administration 0g0
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Traditional matrix method in structural
analysis
 Disadvantages (cont.):
» Can not handle stress concentration problems and capture the 2-D or 3-
D stress field.
» Composite action between two elements (i.e. deck & girder) can not be
modeled adequately.
e 0%0o
US. Department of Transportation © RESOURCE CENTER 38
Federal Highway Administration 0g0
38
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Learning Outcomes Review
* Part 1:

* Overview of structural modeling
+ Traditional matrix method in structural analysis
» Advantage/Disadvantage of traditional matrix method

e

o
o~ o e —
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Federal Highway Administration 0g0
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Next:

Lesson 1: Fundamental Finite
Element Method & Modeling
(Part 2)

40
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Appendix A

« 2-D Rigid Body Transformation
« 3-D Rigid Body Transformation

e o

US. Deparfment of Transportation oo “SOU"’".“&?W
Federal Highway Administration 0g0
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41
Rigid body constrain (FHWA Manual 1.4)
* Rigid body constrained dofs
+ If relative deformation between two joints is very small, two joints can
be considered as being constrained by a rigid body.
+ The movement of one joint (the “slave” joint) can be determined by the
movement of the other joint (the “master” joint)
« The dofs for the slave joint can be ignored
* The total # of Gdofs can be reduced.
e 0%0o
US. Department of Transportation © RESOURCE CENTER 42
Federal Highway Administration 0g0
42
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° ° iqid - i .
X-Y Rigid Plane Example ;2.0
Flexible - out of plane
7 z z
Master ey ‘ Y ‘ Y
Y / y y & S
Y. L M a
o G - £ alsos s ¥
Y X < i - Fisy X ST e
7
L] z
:7 ) My, = Xy
- A CF Y Mz
// my = Fisy X P 77 ¥
g * T‘: / t ¥ g
¥ X 4 o " M/‘/
7
X
L My = =Yoo XoiFigy + My,
D,
Fimy = Fysy ¥ . &
Fjmac 1 0 0O jsx
Bime = By Misz.” X,, {l]=[ 0. 1 0}{%}
/ e I 4 Mjmz Y Xm (M,
T by
* Fax 43
Federal Highway Administration 0g0
43
z
Exa m p | e: %Mmz = ~YouFjox + XnFiey + My,
X-Y rigid plane /T _Fimy = Fiy ) , ,
o 7 ¢ “jmx 1 0 07 fsx
. Fimxe = Fysze - Mjsz Xm F""‘J’ - [ 0 L [:i‘y
/ s/ Mlnlz _Ym Xm 1 M/SZ
s L I ¥
= Y
» m F"(y I
. 5
Jsx
[Tin]
Z
A
M]mz
Fimy } Fimx 1 0 01[ke 0 0](sx
cml e R Fiy t = [ 0 0} 0 ky 0L
P S 4 My, = k0, Mjpz ~Ym Xm Uj0 0 k|8
T
/ L rrrcl -
W — = . (SJSX
< » Fisy = kybysy = [Tllk;s) 4 Ssy (1 )
Frox = keBjoe -
e 090 e
US. Department of Transportation © RESOURCE CENTER 44
Federal Highway Administration 0g0

44
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Example: X-Y rigid plane
The movement of “slave” joint can be determined by the
movement of “master” joint
A7
b,
Ojomz /-Masit;c_r_ ______________________ Y 6jsx 1 0 -Y, 6jmx Sjmx
P it X ‘Sij - [0 1 Xn (SJ"W [Tm]T 6]’”3’ (2)
//7_ _______________ __}_ lave 5, =Y, 0 9]52 0 0 1 HJTT‘LZ Hjmz
T Yom ! !
X
sy = Xmbm
AZ z
é:my /=J§?a5ter = =Y 5i'mx _/_'_zI_a_S_l:c_r_ ________________________ a =Y
s ; /
’,"’ ’,Xm ,,'l er\
/___ _____________________ Slave _ / Slave ,/"
< Y Tﬁ A ————— R
* Bjisy = Ojmy X - 0%0
U3, Department of Transportation © RESOURCE CENTER 45
Federal Highway Administration O ©
45
[ [ [ ]
Rigid body constrain
¢ X-Yrigid plane Fo 8 Sjmx
* From (1) and (2): ijy = [Tm][kjs][Tm]T 6jmy = [kjm] 5fmy
Mjmz Bjmz 6Pj"mz
¥ A
« Transfer stiffness of slave 1 My,
joint to master joint Y Fomy
The dofs for the slave joint MaSterx‘.: : Ve
can be ignored AT £
+ The total # of Gdofs can be / L  TEats
reduced. L Yon / Slave
e 0%0o
US Deparfmentof Transportation o RESOURCE CENTER 46
Federal Highway Administration O 5 ©
46
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Rigid body constrain

«  3-D rigid body constraints me| L0 0000,
‘ F,, 0 1 0 0 0 O||F,
Z]
J *Mjsz Fo|_| o 0 1 00 OfF,
Slave Joint M, 0o -z, Y., 1 0 0||M,
Fisz
............ ]:-J-s{- - > Misy M/m)' st 0 _Xms 010 M/SJ'
Rigid Body + Fisy M,.] |-Y, X, 0 0 0 1J|M,.
________________ A
Mjmz : ' or
F ‘ ;
Zms : iy E ; Y] {F /m} = [I:Hs ]{F /x}
i Fimy '
: A\ {/4; Similarly,
Mijmx \'
/\ Yms - . {513 }: [];m ]T {51711}
Xj Master Jomt
US. Department of Transportation é) ;Sou""i“&‘&”ﬁ'ﬁ‘; 47
Federal Highway Administration 0g0
47
Z
P =15 kips
[ ] N — : . Y
Example 1: =T
¢ Adouble-angle member in
. . L =35"
the truss diaphragm is
subjected to 15 kips axial
load at connection point. || o »
Find the axial deformation i A=188 1% Lx = 0695 In
and end rotation of the — 1558 0
member at its centroid. [s] = 2E1| 7 [ 0 1151_7]
l
Y Welding connection
»~ (master) {ijz } {P}Sz }
[ T F; = =T,
] Y,e = —0.533 {Fim} M;x [Tl M,
—N.A. * _[1 o0]_ 1 0
X 7] = [Yms 1] = [—0.533 1
US. Deparfment of Transportation c? ;SOUT&"EEH?EE
Federal Highway Administration 0g0
48

4/4/2022

24



1

P

Ym: =-0.533"
¥

(Slave)

[k]m] = [Tnl] [kjs][Tm,]T
_ [ 1558 —830.414]
—830.414 1594

Pimz —15 kips
pl =] }:
{} {Mjmx {Ok—in}
b

) p;
. Jmz _ jmz
Since [kjm] {Bjmx} = {Mjmx}
{‘5sz} e ]—l{ijz} - {pois3in )y
gjmx m Mjmx —0.0069 rad

{@'sz} — {f%mz} _{ —0.0096 in )
Bsx [ P —0.0069 rad

e o

US. Deparfment of Transportation c?u:?ou“i“&‘éi"ﬁ'ﬁ“ﬁ
Federal Highway Administration 0g0

49
Application of rigid body constrain
° Reglon zones ) L:o-hmm Center Line
© B = [Tl (K] Tn] ™ {m) — § s tonr
: = [Kjm]{jm}
) [Km] - ;1-:1 [Tm] ‘ [IQS] i [Tm] : ,.‘": .'; Beam Center Line
-
e 090 e
50
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Application of rigid body constrain

« Traditional line or grillage analysis:

NN

(a)
* Plate with eccentric beams:

Slave joint

Master jointe

e o

US. Department of Transportation oo uggou“i“e’i?fﬁ'ﬁ‘;
Federal Highway Administration 0g0

51
[ [ [ [ [
Application of rigid body constrain
Slave joint z Slave joint
' o) ¥
x
e = Master joint Master joint
| Assgn 1o Ines
@ Master Slav
le -
 —re— -
e 0%0o
US. Department of Transpertation © RESOURCE CENTER 52
Federal Highway Administration 0g0
52
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Application of rigid body constrain

.
*__
~— o

® : Master joint
O, ® : Slave joint

(spine model)

e o

0-0 roveumann
US. Deparfment of Transportation © RESOURCE CENTER 53
Federal Highway Administration 0g0

53
Appendix B
* Condensed Dofs (FHWA Manual 5.4.2.4)
e 0%
ot e s, e D TR 5
54
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Joint definition and Degrees-of-

FreedOm »%2 ‘;(3 meh xR
+ Condensed dofs (FHWA 3 free DOFs Condensed to
Manual 5.4.2.4)

« Static Analysis: Mainly for the Fa | Kz ksl (K (P
DOF(s) without applied [kji P {32}‘{75}
externgl load. . . ol | el 5y _

* Dynamic Analysis: Mainly for [eer ]| Deeel] U

the DOF(s) with less inertial [l 10} + [kl ixe) = ()
force effects 0 = ~led kg )} (1)

[eep 1%} + ke dx 3 =0 )
Substitute (1) into (2)
T([kfc] [kcc]_l[kcf] + [kfc])“{xf} = {Pf}-'[k]c{xf} = {Pf}

|

[k]e

o
0-0 e
US. Deparfment of Transportation © RESOURCE CENTER 55
Federal Highway Administration 0g0

55
Joint definition and Degrees-of-
Freedom
 Condensed dofs

« Mainly for the dofs with less inertial force effects in the dynamic
analysis.
+ To partition the original free dofs into condensed dofs and remaining
free dofs
* Reduce dynamic computation time
* Not much benefit for the static analysis
e 090
US. Department of Transportation © RESOURCE CENTER 56
Federal Highway Administration 0g0
56
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Appendix C

* Direct Element Method
* Numerical Example

[ .
US. Department of Transportation é’ “gou"'i‘&'&"u"rﬁ 57
Federal Highway Administration 0g0
57
o 4
Direct Element Method 1.
* Define global DOFs (both free and e
restrained)
* Formulate each member stiffness o
matrix in its ECS direction ’/‘
“
AE —AE
Y F. e T eq e
)= |2 Q{ekmem )
I L
b\' % 1 :i 791_ {Fe} = [S]e’{d‘e}
1,2,6 = restrained global DOFs
3,4,5 = free global DOFs
e 090
US.Department of Tonsportation o RESOURCE CENTER
Federal Highway Administration 0g0
58
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« Convert element [S].in its
ECS to the Gdof direction

* Force equilibrium

X AT 0 &
1,2,6 = restrained global DOFs
3,4,5 = free global DOFs

Direct Element Method

Py, = Fjcosa
Py, = F;sina
P3; = F,cosa
Py, = Fysina

{PL} = [A]Q{Fe}

R

US. Deparfment of Transportation
Federal Highway Administration

[N J—
© RESOURCE CENTER
0n0

59
[ ]
Direct Element Method
* Displacement Compatibility
End jomnt ’\,
_ X1L
) {91} _ [cosa sina 0 0 ] XaL
ez Lo 0 cosa sinal |Xs,
(6} = [Al." (x,) Xau
e; = cosaXy + sinaX,;
{PL} = [AlefF.}
e ey, = [A1.(IS].{5)
X | = [ALe[S]e( )
- - (P} = [K1 X1
B [K]e(4x4) = [A]e(4x2) [S]e(2x2) [A]£(2x4—)
e, = cosaXy + sinaXy
e 0% .,
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
60
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Direct Element Method — Mapping
Table

Develop mapping to define associations between local and
global dofs

@O
&
Q
0
Q
o
Q
i~
Q

Pig Py Psg Peg

o

D0 o e
US. Deparfment of Transportation o lEsOlT;CE CENTER
Federal Highway Administration O 5 ©

61

° @® Pyg Py P3¢ Py
Direct Element Method - [K] ® A Pe P P
Py Pyg Psg Psc

Map [K], into the global stiffness, [K], per the mapping table

K11)2(K12)2[K13)2[K14)2 DOFg g 4 5

Kll)l KlZ)l }(13)1 ‘1(14)1

I

T* KZl)Z KZZ)Z KZ3)Z K24)2

K21)1 K22)1 ‘KZ?')I ‘1(24)1

Z

K31)2 K32)2 K33)2 K34)2

K31)1(K32)1 1\'33)1 Ka4)1

3
\ K41)Z K4Z)2 K43)2 K44)2
Ki41)1{Ka2)1 $43)1 Kea)i] 2 4
| 0
~ >3 5
X
=
K11)3 K12)3 K13)3 K14)3 N
K21)3(K22)3[K23)3[K24)3
Ks1)3[Ks2)s{K33)3[K34)s () N
US. Deparfment of Transportation c? ,;oﬁg-arﬁ
K41)3(K42)3[Ka3)3[Kaa)3 Federal Highway Administration O O

62
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Direct Element Method - [K]

8. Superimpose these elements into a global [K]

(K33)1 (K34)1 (Kll)Z (K12)2 (K13)2
(K43)1 (K44)1 (K21)2 (KZZ)Z (K23)2
(K31)2 (K32)2 (K33)2 (K33)3
® @ ®
(K33)1 + (K11)2  (K34)1 + (K12)2 (K13)2
[K] = |(K43)1 + (K21)2  (K4a)1 + (K22)2 (K23)2
(K31)2 (K32)2 (K33)2 + (K33)3
e ; (o ol o
63
Direct Element Method - Analysis
Use [K] to calculate {X},{F}., and {e}.
X} = [K]7*{P}
{e}e = [Ale' (X3p,-pys
{F}e = [S]e{e}e
Where: {X}p, .-p,. are the global displacements corresponding
to the element’s P;; — P,
? rent of Tonsoertation 020
64

4/4/2022
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Example 2: jok

* Use direct element method y
* Formulate structural [K] [

Find member 1 internal forces -
and deformations ’

e o

0-0 roveumann
US. Deparfment of Transportation © RESOURCE CENTER 65
Federal Highway Administration 0g0

65
Example 2:
[ ]
« Convert member stiffness, [s],, to joint global directions, [K],
* Member 1:
L =+92 +122 = 15' = 180"
. 174 12 H 9
sina =-—=—=0.8;cosa =—=—=10.6
L 15 L 15
[4]. member 1 [A]T  member1
0.6 0 0.6 0.8 0
0.8 V] V] V] 0.6 0.8
0 0.6
0 0.8
(5], [4]F member1 [kl member1
[5]5 member 1 193.3332 257.7776 -193.333 -257.778 115.9999 154.66656 -116 -154.667
322.222 -322.222 -193.333 -257.778 193.3332 257.7776 154.6666 206.22208 -154.667 -206.222
-322.222 322.222 -116 -154.66656 115.9999 154.6666
-154.667 -206.22208 154.6666 206.2221
Q oo
US.Department of ansportation o RESOURCE CENTER 66
Federal Highway Administration 0g0
66
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Example 2:
*  Member 2:

[Al. member 2

0.8 0
-0.6 0
0 0.8
0 -0.6
[s1. member 2
241.667 -241.667
-241.667 241.667

¢ Member 3:

[4]s member 3
1 0
0 0
0 1
0 0

[ member 3
193.333 -193.333
-193.333 193.333

[4]T  member2
0.8 -0.6 0
0 0 0.8

[5]. [A]T member 2
193.3336 -145 -193.334
-193.334 145.0002 193.3336

[4]F  member3
1 0 0
0 0 1

[5], [A]F member3
193.333 0 -193.333
-193.333 0 193.333

145.0002
-145

[kle  member2

154.6669 -116.00016 -154.667 116.0002
-116  87.00012 116.0002 -87.0001
-154.667 116.00016 154.6669 -116

116.0002 -87.00012

[kle  member3

-116 87.00012

193.333 0 -193.333 0
0 o 0 0
-193.333 0 193.333 0
0 1] 0 0
[ oo
US. Deparfment of Transportation © RESOURCE CENTER 67

Federal Highway Administration

050

67

Example 2:

* Formulate structural [K] by mapping [K], to Gdofs 3,4 & 5

K Truss Structure
270.667 38.667 -154.667
38.667 293.221 116
-154.667 116 348

* Apply global force vector, {P}:

* Find global displacement vector {X}:

Matrix P

6
-10
0

Inverse K

0.005884153 -0.002085543
-0.002085543  0.004667621
0.003310366 -0.002482784

Matrix X = (Inverse K)(P)
0.056160345
-0.05918947
0.044690031

R

US. Deparfment of Transportation
Federal Highway Administration

0.003310366
-0.002482784
0.005172435

0%0o
[—
© RESOURCE CENTER 68
o o o

68
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Example 2:

*  Find member 1 internal forces and deformations

{X}np1-nps member 1
0 <
0 <
0.056160345 <+——
-0.05918947 <«

{e)e = [AIT{X}np1-nps
member 1

0

-0.013655369

{F). = [5].{e).
member 1
4.400060272
-4.400060272

Gdof 1

Gdof 2
Gdof 3
Gdof 4

R

US. Deparfment of Transportation
Federal Highway Administration

[N J—
© RESOURCE CENTER
0n0

69

69

4/4/2022

35



e oo et e e
US. Department of Transportation O RESOURCE CENTER
Federal Highway Administration Op©
Lesson 1 (Part 2)

Fundamental Finite

Element Method &

Modeling

Learning Outcomes

e Part 2:

* Finite element method in structural analysis

» Major differences between traditional and FE methods in structural
analysis

R

o
OO rsgrrrmmves
US. Department of Transporlation © RESOURCE CENTER
Federal Highway Administration 0g0
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Traditional matrix method in structural

analysis
* Advantages:
* Based on conventional mechanics of materials
* Close-formed element stiffness matrix formulation
* Member nodal forces & deformations are calculated directly

* Disadvantages:
* Member stress & strain can not be calculated directly

* The close-formed stiffness matrices for 2-D (plate & shell) and 3-D
(solid) elements are very difficult to derived, based on conventional
mechanics of materials.

» Can not handle stress concentration problems and capture the 2-D or 3-
D stress field.

e o

US. Deparfment of Transportation é’ “gof,';c"‘a'a;ﬁﬁ
Federal Highway Administration 0g0

Finite element method in structural

analysis
« Structural Modeling: same as traditional structural modeling
* Advantages:

* Member stress & strain are calculated directly

* The stiffness matrices for 2-D (plate & shell) and 3-D (solid) elements
are directly formulated in open-form, based on principal of virtual work.

« Effectively handle stress concentration problems and capture the 2-D or
3-D stress field.
* Disadvantages:

* Much more finite elements are needed to capture the realistic structural
response

* Generation of input data file is time consuming.

e o

US. Department of Transportation Qo “goﬁ'i&‘érﬁ
Federal Highway Administration 0g0
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Finite element method in structural
analysis
* Element types

* 1-D: Conventional truss, beam, spring, and point elements
 2-D: Plate and shell quadrilateral (or triangular) elements
 3-D: Solid hexahedra element

* Finite element stiffness matrix formulation

» Step 1: Member deformation-nodal displacement relationship (by shape

function)
 Step 2: Strain-nodal displacement compatibility
 Step 3: Material stress-strain relationship
« Step 4: Principal of virtual work
» Step 5: Gaussian points for numerical integration

e o

US. Deparfment of Transportation é’ “goﬁ';&'a‘;ﬁﬁ
Federal Highway Administration 0g0

Finite element method in structural
analysis

(spine model) (grillage model)

P, 3D Substructure
.,

ccccc

z . . . 7 4
1D Superstructure s .®'
X
)

1D Superstructure/ !
1D Substructure 1D Superstructure/ 2D Superstructure/
2D Substructure 2D Substructure 3D Superstructure

(Traditional method) (FE method)

e o

US. Department of Transportation Oo “goﬁ'."ﬁrﬁ
Federal Highway Administration 0g0
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Concept of Finite Element stiffness
formulation (FHWA Manual 2.3.2)

*  Member deformation-nodal

displacement relationship X - )
by shape function " : . '
(N1, Ny) A
U = 1 N; :(1_E)

u(x) = Nyu, + Nou,

N, == —
_ [1 _x f] {ul] _ [N] {u} (1) u(x): axial deformation along the element
Q .

US. Department of Transportation oo “SOU"’".“E’E?‘E"ﬁ'ﬁ‘;
Federal Highway Administration 0g0

Concept of Finite Element stiffness

formulation
« Strain-nodal displacement compatibility

e@) = gu@ = (FIN) @ [Bw} @)

* Material stress-strain relationship

o(x) = Ee(x) = E[B]{u} 3)

e o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Concept of Finite Element stiffness

formulation .
* Principle of virtual work e
External work: P } P
sw=(5u}'{P}  (4) -

Internal virtual strain energy:

Equilibrium

» Add virtual displacements

§U= [ o(x)dv; where = [B] from (2)
=J, ( [BI")(E[Bl{u})dv

. = [, [BI"E[B] dv] {u} ©®)
oW = 4U:

APy = )71, (B1TELBLd]
«~{P} = [kl{u}; wher¢(k] = [ [B]"E[B] dv

e o

US. Department of Transportation oo “SOU""’.“E’E‘E‘E"E"{E“R
Federal Highway Administration 0g0

9
FE Stiffness matrix formulation for
truss element
* Formulate stiffness matrix [k]:
[k] = [, [BI"E[B]dv = [ [BI"E[B] (Adx)
- Em =205 -1
- -1
(BITEB] = EBI" Bl =E |4 ||= 1| =E|% ﬂ
. Z =
EA L —FEA (L EA —EA
- =2 d L [d = =
~ k] = fx:(f [BI"E[B] (Adx) = = AfoL * 9 ff x‘ — I_ZA ELA‘
= o dx zlydx L L
SWTMMM w10
10
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Knowledge Review -- Question 1 wss. Ql)
The Finite Element stiffness matrix formulation is based on

A. Assumed member shape function, [N]

B. Strain-nodal displacement compatibility, [B]

C. Material stress-strain relationship, E

D. Principal of virtual work, §W = §U

E. All of the above

e

o
) N0
US. Deparfment of Transportation o lEsOlT;CE CENTER 11
Federal Highway Administration 050

11
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FE Stiffness matrix formulation for
beam element (in Cartesian coordinate)

«  Member deformation-nodal ‘I
displacement relationship @ @

by shape function i' —
(N1, N3, N3, N,) (FHWA 2/ @

I N
Manual 2.3.2) II‘ M Wl
— 1—L—3[x—3xL+L]
;1 P —— 1
v(x) =[Ny N N3 Ny UZ; 1 d ——— N, = F[x3L —2x21% + x13]
622
Nay — 1
- 1 T [_9,3 2
= [N]1xa{q}ax J‘ e I Ny L3[ 2x3 + 3x°L]
| 1
) Ny = — [x°L — x*L?]
N‘}7 1 rad L
@ .
Lo Rl S —
US. Depaortment of Tonsportction © RESOURCE CENTER 12

Federal Highway Administration o o o
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FE Stiffness matrix formulation for

beam element
« Strain-nodal displacement compatibility

_dv. g _d0_d
9_5' ¢_dx_d9§2
d ¢ ¢
E(x) - _yd) - d—xZ N.A. X, U
= —y = (IVHa) <([B)a} (@) o

* Material stress-strain relationship
o(x) = Ee(x) = E[Bl{q} (3)

e o

oo —
US. Department of Transportation © RESOURCE CENTER 13
Federal Highway Administration 0g0

13
FE Stiffness matrix formulation for
beam element
* Formulate stiffness matrix [k] by principle of virtual work
[k] = [ [BI"E[B] dv = fOL J, [BITE[B]ldAdx
[B] =~y 55N = Z[12x — 6L 6xL—41> _12x+6L 6xl217]
~ k] = fOL fA [B]TE[B]dAdx = D 13 _EI ;where I = [y2dA
symm. “;z 2
* Disadvantage:
mathematic integration is tedious
not practical for computer application P
US Deparimentof Tansporialion & ;Eou“i"&?i"ﬁ'r‘i'ﬁ 14
14
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Gaussian points for numerical integration
between (-1, 1) (FHWA Manual 2.3.2)

+ Total # of Gaussian points
y needed, n:

y
£ ,
/ )4 FE)
. f(lf) c n—1>
| * m =degree of polynomial

X

1 1 1 1
Sk I T 7
A= f FO)dx A=Y Wif(6) = Wi f(§2) + Waf (52) 1 0.0 2.0
-1 =
1 0577350 1.0

0.774597 0.55555
0.0 0.88888

4 0.8612136  0.347855
Natural (or normal) coordinate: (-1, 1) 0.3399810  0.652145

e o

oo —
US. Department of Transportation © RESOURCE CENTER 15
Federal Highway Administration 0g0

n = total # of Gauss points
& = ith Gauss point

W; = weight of ith Gauss point

15

Example: Find shading area based on natural
coordinates
* By numerical integration:
* Polynomial degree, m = 2
« Total # of Gaussian points
needed, n:
e 2n—1>2m=2:n=2
e o & =-05773;& =0.5773
A=Y w(3-¢2) =13 -
By mathematic integration: 5(_§g'35773)2) F1G= 05779)%) =
A=t G- eds =3¢ - S
= 5.333

&lE)

e o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER 16
Federal Highway Administration 0g0

16
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Gaussian points for numerical integration

(FHWA Manual 2.3.2)
* Transferxtoé Xoay, Xb
o adx = |J|dé e g
|
- Note: The term |/| is called =
Jacobian Transformation '
* (i.e.|J| transfers Natural Coordinate y u(x) 7 u®
to Cartesian Coordinate) s

x ¢
et T s
dx x:b%ﬂf‘l‘HTﬂ §=T
S==l
e 090
Neoomtbgawenhon B i
17
Gaussian points for numerical
integration
¢ A= [ fx)dx v ¥
2 -
= | re@vids AR R R
1
=1, f(©dE
= I X Wif (60
e 0%
oo gen s S 18
18
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FE Stiffness matrix formulation for
beam element (in Natural coordinate)

n
,,ll . ”i”z . x=§(5+1) ’;J‘-‘;ﬁ_l } }vaﬂ .
b ) O 0., o

822

z
¥

(x,y): Cartesian coordinate system (§,m): natural coordinate system

o A 1
e 1 B
. J Ny :L_3[2x3—3x2L+L3] Ny —1[53—3§+2]
am— ! =L@ - e
I‘r:ul - Ny, = E[st — 2x2]2 + xL3] 273 & 3 3
Nyy 1 ) 1
! _ ﬂ_I_' Ny = ﬁ[_2x3 + 3x21] N3 = Z[_f +3§+2]
1
Ny = [53"'52_5—1]

§ 1 i
o N=g3 [x3L — x212] 8

T m : |

B S 10
19
FE Stiffness matrix formulation for
beam element (in Natural coordinate)
* Formulate stiffness matrix [k] by Gaussian quadrature
* [Kl=[, [BI"E[B]dv
= [, [B'I"E[B'] dA|J|d¢
= JI X7 W; [B']"E[B']
where [B] is converted to [B'] in the natural coordinate system
e 0%0o
Feda v it o RS TR 20
20

4/4/2022

10



Stress & strain distribution within the FE?

* Finite element relationships: Element _
° ECIU|||brlum {P} = [K]{q} nodal force stress
«  Compatibility: £(x) = [B]{q} {P} o(x)
+ Constitutive (stress-strain): o(x) = E<(x)
« Advantage: Stresses at Gaussian and K] E
nodal points can be directly obtained
* 0;(x) =Eg(x) = E|Bl;{q}; where i = 1,n {q} g(x)
Element nodal [B] Internal strain
displacements
e o%0
U5, Depariment of Transportation © RESOURCE CENTER 21

Federal Highway Administration 0g0

21
FE Stiffness matrix formulation for
quadrilateral 2D plate element

n
* Member deformation-nodal o i) (G G0
displacement relationship ~ toy L 3T
+ by shape functon:. [T .
(N1, N3, N3, Ny ) y.v -
¢ X= Z?:l Nixi;y = Z§:1 N;yi; L €)= 1D
where xu Gam) =@1,-1)
N. = N'(f)N'(U) e 2D (¢,1m):natural coordinate system
l l l (Q4 element)
(£1,82,63,84) = (-1,1,1,-1)
(M, M2,m3.m8) = (-1,-1,1,1)
e 0%0o
oot emaeion e DA e 22
22

4/4/2022
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FE Stiffness matrix formulation for
quadrilateral 2D plate element

* For example: "
&E=¢, &E-1 ($zm3) = (L1)
N (§) = = )= (-1,
1(6) 5;71:?;2 _}71__11 Gond =10 —
_ 4 _ N, () = T e
Nl(n)_m—m —-1-1 g " \
-1 n-1 yv 4 \ | >
Ny = N1 (ON, () = 5 T3 ] _____ b '
© u =Yl Nugv =3 Ny =1 E2m2) = (1,-1)
(isoparametric element)
e 0%
US Department of Tonsportation o RESOURCE CENTER 23
Federal Highway Administration 0g0
23
FE Stiffness matrix formulation for
quadrilateral 2D plate element
« Strain-nodal displacement compatibility ”
ou a U1
‘. P 2 Niug U,
3 3 v
ggy} T ~@){ 22} = 181Mq)
Wi o ol |ogn, L Ogy v
Jdy 0Ox dy it 0x iVi Uy
2
* [B(x,y)] needs to be transferred to [B(¢,7)]
e 0%0o
US. Department of Transportation © RESOURCE CENTER 24
Federal Highway Administration 0g0
24

4/4/2022
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FE Stiffness matrix formulation for
quadrilateral 2D plate element

» Material stress-strain relationship
Ux 1 v 0 gx SX
{Uy} = 1_Evz {gy} = [E]{fy } = [E][B){q}
Txy

v 1 0
Exy Exy

001;"
2

e o

oo —
US. Department of Transportation © RESOURCE CENTER 25
Federal Highway Administration 0g0

25

FE Stiffness matrix formulation for
quadrilateral 2D plate element
« Formulate stiffness matrix [k] by Gaussian quadrature

+ [kl = [, [BI"[E][Bldv
= Yy Y7o tijWiW; [BIIEN[B;;|);;| (by Gaussian quadrature)
where [B];; is the [B] matrix corresponding to Gaussian point (&;,7;)
t;j= plate thickness at Gaussian point (¢;,7;)

dx Jdy

Note: dv = tdxdy = t|J|dédn; [J] = Igi gi] (Jacobian matrix)

an  on
[/]is to convert (x,y) to (§,1)
R o

[ e —
US. Department of Transportation © RESOURCE CENTER 26
Federal Highway Administration 0g0

4/4/2022

26
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FE Stiffness matrix formulation for
quadrilateral 2D plate element

« Formulate stiffness matrix [k] by Gaussian quadrature
« Total number of Gaussian points

Q4 element (n = 2 each way) Q9 element (n = 3) Q16 element (n = 4)

e 0%
e
27
FE Stiffness matrix formulation for
quadrilateral 2D plate element
 Find stress at each Gaussian point (¢;,7;) Uy
U1
Oy Uz
{ay} = [E1[Blyj{q} = [E1[Bly {2 t
txy)y U3
Uy
1%
» Find principal stresses at each Gaussian point (E;nj)
Omax = Gx:ay + \/(O-X;Gy)z + Txyz
tan(2a) = %; & = Oy direction
: e 090
e
28

4/4/2022
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Knowledge Review -- Question 2 wss. Qz)

What is the advantage of using Natural Coordinates (-1, 1) for the
Finite Element stiffness matrix formulation?

A. Avoid tedious mathematic integration in Cartesian Coordinates
B. Perform numerical integration by using Gauss points

C. Obtained stresses directly at Gauss points.

D. All of the above

e 0%
v it oS 2
29
Step-by-step example (see Appendix A)
. y y
« Find the [K], of each s - te,
element ol o & Do
2|+ : 4
«  Formulate structural [K] i 14&"“"“‘"” —
. . w2 2 |
* Find principal stress at s 65y 2
Gauss point G1 in element 1 oo - !
(Gdofs)
Vs H V3
E = 30106 psi =
=025
t (thickness) = 0.1 in . ( Q4 Element ECS)
i’l r k ® G4 G2e i'z
Uy e u;_' .
it ko S
30

4/4/2022
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Step-by-step example (see Appendix A)
Based on hand calculation, the maximum principal stress at
Gauss point G1 in element 1 is: 5 ' 1
AU V3
2 u o
__ Oxt0oy Ox—0y * ag3 P
Omax = —5 (T) + Txyz ® .
= 1006.92 psi ‘
2_[ oG4 G2e "
¢ tan(2a) = —% = —0.069 i 1
Ox—0y Uy Uz
a =-—1.08°
e 0%
US. Department of Transportation O RESOURCE CENTER 31
Federal Highway Administration 0g0
31
See Appendix A Y= e
Sig1 Tep
Result from a commercial program é*/ 1.0
&, Joint Deflections (By Combination) 1::
ELII‘ L. .Juin;dl‘_‘abel Xgﬂ] an] Zgn] XREIat YREtat ZRuUtaI :gf;
“HE EEdSuRSERESE =
K NG 0007 0 0 o 9 0 > :;5
”‘N N2
US. Department of Transportation c? ;Soﬁ"&?i"ﬁ'rﬁ 32
Federal Highway Administration 0g0
32

4/4/2022
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See Appendix é

225k 1y,
45K " N20 [GH] 24 N3 ? [
3 Plate Plste / L1 25k
sigl Top Sigt Top A ./ .\‘ 4 P
i s i 25k
. 5 >
T 1a TS i 3 Wi | a1 28 | =
1423 1219 [ e ) 2L gy
1.108 1128
1.088 S — 5 1.157 25K >
9K 1072 (3 N6 g NZT N10 1128 |
g N N1 1 os 1095 25k |
1038 1084 >
1.021 5k [ 1022 i 1 » 4 25 P
L 1.004 (] o7 28 N30 L (521 1002
saT 971 25k [
MIN 57 |
5k - e . . 3 25 e P
. 9% (3 N2 N7 NE L I
5 N7 Ng
25k
o
5k 25K >
(=S (e [ES N3T nzg »
—_—
P T
5k [ 25k -y
9. - 4 R—— 7 NiE N3G s & -
(B NTE Laa 00 25k
L N >
5 25k »
(1) Nat TNz~ Naz N45 —J ( -
™ / 25k »
\ E— >
ML bl
45K (] 39 iz a3 N2
(] NiZ N2

128 el
8 elements 32 elements 8 elements

e o

MIN 22

——— g
33
FE Stiffness matrix formulation for 2D
triangular element (FHWA Manual 3.5.2.1)
« Aspecial case of quadrilateral Q4 element
° W|th X3 = X4_; y3 - y4
/,f374-
¢
e 090
US Department of Tonsportation ¢ RESOURCE CENTER 34

Federal Highway Administration 0g0

34

4/4/2022
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FE Stiffness matrix formulation for
hexahedron 3D element (FHWA Manual
3.6.1.4)

Member deformation-nodal
dlsplacement relationship

by interpolation (shape)
function:

£
(N1, N2, N3, Ny, N5, N, N7, Ng) ¥,
y = Xie Noyis
zZ = ?:1 NiZi; W nu
where ’ (¢,n,{): natural coordinate system
N; = N(ON;m)Ny(§) = 3D e
u= Z?:1 Niu;;
w = Z?:l Niw;; e
S, (R
35
FE Stiffness matrix formulation for
hexahedron 3D element
« Strain-nodal displacement compatibility
T
o {edex1 = {gx: Eyr €2 Yy Vyz sz}
* {&edex1 = [Blox2a{q}24x1
« Material stress-strain relationship
* {0}ex1 = [Elexe[Blex24 {q}24x1
T
* {o}ex1 = {O—x' 0y,02, Txy) Tyz sz}
« Formulate stiffness matrix [k] by Gaussian quadrature
« =~ [kl = [, [BI"[E][B] dv
= Yy X Xhey W WiWi [BIT [E1IB jicl i |
(by Gaussian quadrature) Q
e B el
36

4/4/2022
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FE Stiffness matrix formulation for
hexahedron 3D element
- Find stress at each Gaussian point (&;,7;,{x)

{U}i,j,k,6x1 = [E]6x6[B]i,j,k,6x24 {q}24x1

« Find principal stresses at each Gaussian point (fi,nj,(k)

[
US. Department of Transportation é) ;Sou“‘i“&‘&”ﬁ'ﬁ“i 37
Federal Highway Administration 0g0
37
[ ] [ ]
Other Finite Elements
* Plate bending element (PBQ 8) ' . “\E — @
. / >
Constrained from H20 element 5 . (slave joints) (master joint)
Joint dofs: t/ 1
1 translational *
2 rotational (F20 element)
' constrained to
. . /4
/
e |
jravsy
(PBQS element)
US. Department of Transpertation c? ;Soﬁ"&?i"ﬁ'rﬁ 38
Federal Highway Administration 0g0
38

4/4/2022
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Other Finite Elements

« Shell element (SHQ 8):

* Constrained from H20 element

4 o_\‘E

(slave joints) (master joint)

+ Joint dofs: t/

3 translational
2 rotational

|

(H20 element)

constrained to

4
7

(SHQS8 element)

[N J—
© RESOURCE CENTER
0n0

39

US. Deparfment of Transportation
Federal Highway Administration

39

Modeling Loads

Joint load:
* Load directly applied at a joint

Element load:
« Transferred to the joints (i.e.
Equivalent nodal loads)
* Through principal of virtual
work (see Appendix C)

« {P}=[[NI"F(x,y,z)dv

vt

F A,

*  For example:
{P} = Xy Xy ti WiW;INTTF ()]
(by Gaussian quadrature)

Q o

[ e —
©O RESOURCE CENTER
o o o

US. Department of Transportation
Federal Highway Administration

40

40

20



Example: Modeling Loads

Recall from Part 1: Based on FEM:
A \/f;d—/\Nz\ BN, =L—13[x3L—2x2L2+xL3]
a) Distributed load a) Distributed load
wl? wl? ! Lo/x3 2x2 wlL?
%GMD% MA=fOWN2dx=J;)W<ﬁ—T+x>dx=E
b) Concentrated load b) Concentrated load
. 1q ‘IVP Fr . MAszlPdex=P(’z—2—2%+x)sz/zz%
sy 1, N°
2 2
Q .

US. Department of Transportation oo “SOU""’.“E’E‘E‘E"E"{E“R
Federal Highway Administration 0g0

41
Inelastic Finite Element Analysis
« Adjust [E] per plastic flow rule for the yield curve or surface
+ 1D element: [k] = [ [BI{E)B] (Adx)
+ 2D element: [k] = X, X, wow (BT (E) 51, 11|
+ 3D element: [k] = £, T iy W, Wi (81T, (E) B
) o 01,05, O'J }m/éi;%es
€1 ‘4
1D: yield curve C/ % / 3
2D: yield surface 3D: yield surface
e 0%0o
ooy annn S 42
42

4/4/2022
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Learning Outcome Review

* Finite element method in structural analysis

* Major differences between traditional and FE methods in
structural analysis

[ .
US. Department of Transportation (? n!?ou“i“é’i’é':"m 43
Federal Highway Administration 0g0
43
U.S. Department of Transportation O RESOURCE CENTER

Federal Highway Administration o0

Next:
Lesson 2: General Girder
Bridge Modeling

44

22



Appendix A

« Stiffness matrix formulation
* Principal Stress analysis

R

« Step-by-step example for the plate elements

]

US. Department of Transportation oo uggou“i“e’i?fﬁ'ﬁ‘;
Federal Highway Administration 0g0

45
Example y
. Y4 3
 Find the [K], of each w| 0
element 1 1421[';1)—0,11"/1‘11
- Formulate structural [K] |5 * o 2
¥ L » X — X
«  Find principal stresses of oo !
element 1 (Gdofs)
ll14 n |i'3
E = 30x106 psi e P
w=025
t (thickness) = 0.1 in -
( Q4 Element ECS)
oG4 G2®
1’1" . r 1:2
Uy Uy
e 090
US. Department of Transportation © RESOURCE CENTER 46
Federal Highway Administration 0g0
46
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Example

 Calculate interpolation function
(§1,62,83,84) = (=1,1,1,-1); (11, m2,m3,m4) = (—=1,—-1,1,1)
N; = N;(EN;(m); N:(©) = sfl:?z; M) = 1
N; = N1 (&)N:(n) = _51__11 % _”1__1 _ a=9H0a-n

Ny = Ny (§)N, () = D

1 4 U
1 1
N3 = N3(§)N3(n) = w

@3m3) = (1,1)

Ny = Na(§)Ny () = 4200 5
“ X = Nixg + Npxp + N3xs + Nyxy Gon) = 1D
y =N;y; + Nyy, + N3y3; + Ny, xu Em) =11
U= Nlul + NZU'Z + N3U.3 + N4u4_ (¢,m):natural coordinate system
v = N;v; + Nyv, + N3vg + Nyv, (Q4 element)
e 090
US.Department of Tonsportation ¢ RESOURCE CENTER 47

Federal Highway Administration 0g0

47
Example
« Calculate [B] matrix in Cartesian coordinate system
Uy
ou ] %1
e P aZNiui U,
° & — 6_1) — i N:v: _ V2 A
Y - ay - By2 iVi _[B] Uz (Eq )
Exy) g au . v o vy 2 oy V3
5 T oy 2 Niwi + - X Niv, w,
2
* Since N; is the function of (¢,77), we need transfer [B] to [B];, by
Jacobian transformation
& | _ ox . )ox | _pj=1) 09 .y |08 0¢
©Yemt = Uaw o (= U aw (U= fax oy
on ay dy on an  on
e 090
US. Department of Transportation © RESOURCE CENTER 48
Federal Highway Administration O 5 ©
48

4/4/2022
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Example
ox 2y
. _ |og B¢ .
[J] = ox ay matrix:
on 0dn
ox 0
° 6_6 = 6_€(le1 + Nzxz + N3X3 + N4X4) T
—(1- 1- 1+ 1+
_ (4n)x1+( 477)X2+( 477)x3_( 4n)x4
ox _ —(1-§) (1+8) (1+8) 1=
° % = 7 X1 — 7 Xy + 7 X3 + 7 X4 — (Eq B)
., 9y _ -(-m (a-n) a+n) A+
af_4y1+42+43 2 V4
a -(1-%) (1+$) (1+8) =%
. %Z 2 ATy Vet Y3t o —
U5, Depariment of Transportation c? I:)Efou“i"&“é':"ﬁﬁ"i 49
Federal Highway Administration 0g0
49
Example 2
0 0
ou = — X Niy;
ATt = S b =01
ow( =Y e TV e gy
dy on on L U,
U1
Uy
. _1lr-1 -14+n 0 1-n 0 1+7n O —1-n 0f]uv,
W ihe 0 126 0 146 0 —1-¢ of)us[ EFCN
U3
Uy
2
(U o
US. Department of Transportation oo n:fouTEE'Ei"ﬁﬁi 50
Federal Highway Administration 0g0
50
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Example
0 d
@ = _ZNivl
oA =R =%
N 2 N @ B iz Nv
ay an an LYl
Uq
V1
Uy
. _1rq1[0 =14n 0 1-n 0 1+n 0 —-1-7]])v,
=3 Ul [0 C14E 0 1-2 0 14¢ 0 —1-¢] us( (F9C2)
U3
Uy
174J
e o%0
U5, Depariment of Transportation © RESOURCE CENTER 51
Federal Highway Administration 0g0
51
Example
Formulate element 1 stiffness matrix
® (xl,xZ, X3, x4) = (0,24,24‘,0)
* (y1,¥2,¥3,y4) = (18,18,36,36)
« At 18t Gaussian Point (¢,17) = (0.57735,0.57735)
. 9x _ —-(1-m (1-m) (a+m  @Atm) ]
5 2 X1+ X+ X3 ” x4=12
s Ox_ -(a-89 A+ (1+$) a=9. _
om - & 1 7 et X =0 — (Eq.B)
0 —(1- (1-n) (1+n) (1+n)
y a_z:: (4n)3’1+ 4n y2 + 477 3~ 477 Vs =0
0 —(1- (1+&€) (1+&€) 1-
. %Z (45)1— 453/2"‘ 453’34‘(45)3’4:9 *"’
e 090
US. Department of Transportation O RESOURCE CENTER 52
Federal Highway Administration 0g0
52

4/4/2022
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Example

« At 18t Gaussian Point G1(¢,n) = (0.57735,0.57735)

Ul = [102 8]’ Ule1 = %[3 102]

From (Egs. A& C):

Ug
ou %1

Ex ox 18]
v 1% -3.8 0 3.8 0 14.19 0 -14.19 0
{ gy } = P = [B] Us ; L 0 -5.07 0 -18.93 0 18.93 0 5.07
G1

c 432 -5.07 -3.8 -18.93 3.8 18.93 14.19 507  -14.19
Xy du v Vg

dy = Ox Uy
Vs

e o

oo —
US. Department of Transportation © RESOURCE CENTER 53
Federal Highway Administration 0g0

53
Example
« Similarly, at 2t Gaussian Point G2(¢,n) = (0.57735,—0.57735)
Ble:
L l -14.12 -5.03 14.13 -13.5: 3'3 13.52 -3.3 -13.52]
* At 3rd Gaussian Point G3(¢,n) = (—0.57735,0.57735)
[E]G3
L -3.2 713.93 3.2 —5.03 14.13 5.03 -14.13 13.53]
432 -18.93 38 -5.07 3.8 507 1419 1893  -1419
* At 4th Gaussian Point G4(¢,n) = (—0.57735,—0.57735)
[B]G4
e 0%0o
US. Department of Transportation © RESOURCE CENTER 54
Federal Highway Administration 0g0
54
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Example

* Formulate Element 1 Stiffness matrix, [K],;

© [Kler = Xy X5y tyWW; [BILIENBL; V4]
where

Wl:VVj:l;tij:t:O.lln
22 y 8 wovigs| 10250
_ v
[E] = 1-v2 1-v| = 1-0.252 0.25 1 0
0 0 — 0 0 0.375

e o

oo —
US. Department of Transportation © RESOURCE CENTER 55
Federal Highway Administration 0g0

55
* Formulate Element 1 Stiffness matrix, [K],.,,in ECS
AP [B17;[E1[B]; /]
[K]el i=14j=1 tl]WLVV] B lj E||B Lj ]l]
ul vl u2 v2 u3 v3 ud va
px1 1.33EH06 5.00E+05 -5.33E+05 -9.99E+04 -6.66E+05 -5.00E+05 -1.34E+05 2.58E+05
pyl 5.00E+05 1.72E+06 9.99e+04 4,11E+05 -5.00E+05 -8.61E+05 -9.99E+04 -1.05EH06
[K]sl= px2 -5.33EH05 9.99e+04 1.33e+06 -5.00E+05 -1.34E+05 -9.99E+04 -6.66E+05 3.42E+H05
py2 -9.99E+04 4.11F+05 -5.00E+05 1.72E+06 9.99E+04 -1.27E+06 5.00E+05 -1.94E+04
px3 -6.66E+05  -5.00E+05 -1.34E+05 9.99E+04 1.33E+06 5.00E+05 -5.33E+05 -1.42E+05
py3 -5.00E+05  -8.61E+05 -9.99E+04 -1.27E+H06 5.00E+05 1.72E+06 9.99E+04 -4,30E+05
px4 -1.34E+05 -9.99E+04 -6.66E+05 5.00E+05 -5.33E+05 9.99e+04 1.33E+H06 -4.58E+05
py4 2.58E+05 -1.05E+06 3.42E+05 -1.94E+04 -1.42F+05 -4.30E+05 -4.58E+05 2.34E+06
« Since element 2 has same shape & size as element 1,
[K ] e2 — [K ]el
e 0%0 e
US.Department of ansportation o RESOURCE CENTER 56
Federal Highway Administration 0g0
56
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Example

* Formulate Element 1 Stiffness matrix, [K],;,in ECS
© [Kler = Xioy Xioq tiWiW; B IENB]; |4

ul vl u2 v2 u3

px1
[K]u: pyl
K.z = px2 1336406
py2 -5.00E+05
px3 -1.34E+05
py3 -9.99E+04
px4
Py4

-5.00E+05
1.72E+06
9.99E+04.

-1.27E+06

-1.34E+05 -8.
9.99E+04 -1.
1.33E+06 X
5.00E+05 .

v3

ud vd

+ Since element 2 has same shape & size as element 1,

[K]ez = [K]el

R

o
§ o~ o N
US. Department of Transportation o lEsOlT;G CENTER 57
Federal Highway Administration 0g0

57
y y
6
Example € ]t
* Use direct element method, “; = - R
. = 0. mn 3
find global structural T o B
stiffness matrix: I P = Coe
24 1
Element _Pu2___Pv2__|Pu3___Pv3__| e
® 3 4 5 6 s 17 3
u40{;3 G u;
@ 1 2 3 4 {
oG4 G2e
vlﬂ 172
U, u;
e 0
US. Deportment of Tronsportation © RESOURCE CENTER 58
Federal Highway Administration 0g0
58
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B px1
[K]ﬂ = pyl
[Kle = px2
py2
px3
py3
px4
py4

Direct Element Method - [K]
Map [K], into the global stiffness, [K], per the mapping table

ul vl u2 v2 u3 v3 u4 v4

Element [Pz P2 JPus ;s |
@) 3 4 5 6

X 106
1 2 3 4
1 2 3 4 5 6
1
2
K] = 3 2.668 0 x 10°

4 0 3.444
5
6

e 090 ey sermmn

US. Deparfment of Transportation © RESOURCE CENTER 59

Federal Highway Administration 0g0

59

P =

Example s B

i
—
" — - —
18 (1) — ! 1)
L 2 > - 4
1 - .
1 —» p=01k/in 3
>
- . -
18" 2) » (2)
& - 2
5 6 t
v L. - X e X
|¢ 24" - 1
(Gdofs)
1 2 3 4 5 6
1 1334 0.5 -0.133 -01 ] 0 0.974582  0.52525 0.033148 0.330585 -0.12761 0.283174
2 05 1722 01 127 [ 0 0.52535 1.261756 -0.01339 0714528 -0.28317 0.609308
3 -0.133 0.1 2,668 0 -0.133 -0.1 x 108 [K]™* = 0033148 -0.01239 0.375046 -5.26-18 0.033148 0.012387 x 1078
a 0.1 -1.272 0 .04 01 -1272 0.330585 0.714528  -6E-18 0.837363 -0.33059 0.714528
5 0 0 -0a33 0.1 1334 05 -0.12761 -0.28317 0.033148 -0.33059 0.974582 -0.52525
6 0 0 01 1272 05 1722 0.283174 0.603308 0.012387 0.714528 -0.52525 1.261756
900 82193776 0.0008219
0 )= 195.57139 0.0001956
1800 781.84345  x 1075 = 0.0007419
0 0 0
900 82193776 0.0008219
0 -195.5714 -0.000196

e 00

[ —
US. Department of Transportation © RESOURCE CENTER 60
Federal Highway Administration 0g0

60

4/4/2022

30



4/4/2022

Example
Find principal stresses at Gauss point G1 in element 1:
« G1(¢,7) = (0.57735,0.57735)
u; = 0 ) Vs I U3
vy = 0 Ug g . Uz
; u, = 0.000742 e
X 3
v, =0
° {To—y} = [E] [B](O.5773,0.5773) Uz = 6000822 > 1 eG4 e |
61 vs = —0.0002 1“2
U.4 — 0
U4 = 0
1005.71
. =1 —5.834 ¢ (psi)
—35.08
e 0%
US.Department of Tonsportation ¢ RESOURCE CENTER 61
Federal Highway Administration 0g0
61
Example
Find principal stresses at Gauss point G1 in element 1:
Ox+o Ox—0p\ 2 Uy H v3
O-max = xz . + \/(%) + Txyz Uy 1::-
i L JeE {:1._..0
= 1006.92 psi "
> ¢
2
° tan(Za’) = ﬂ = —0.069 oG4 G2e
Ox~0y A 1
~oa=-—1.08° B =
e 0%0o
US. Depariment of Tansportation o RESOURCE CENTER 62
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Example x
o
e i Plate
Sigl Tep
. fesi
Result from a commercial program: .08
1.087
#®, Ioint Deflections (By Combination) [ ] 1084
E |I| L. Joint Label X[in] Y [in] Z[in] X Rotat... | YRotat.. | ZRotat... F 1.041
1 NA 0 0 0 0 0 0 1.028
K NZ 0008|0002 0 0 0 0 1.015
EK [E 0008_| -0002 0 0 0 0 1.002
K N 0 0 0 0 0 [ 889
K NS 0 0 0 0 0 0 o768
6 1 MNE 0007 0 0 0 0 0 1.8k
i _b N6 983
MIN B85
P2
\\\ 9k
i Nz
: I P —
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p 225K [ T
7T Plats
Sig Tep Swn:STap > Isi
ksi sk d 25k » A
TR A4 [GE GE] N2 s WAX1.25 — e
1122 22K Jo
1.108 1
1.089 — 5k 25K >
. - 9K - 1072 (T N6 NG NZT L}
1.055 225k .
1.028
1.021 5k 25k .
L ] 1.004 fiz6 27 N2 N30 )
987 25k .
MIN 57 1
— 5k 25k, -
9, (] N2g N7 NZ: -
5 N7 13 \ o5k !
P>
=
o3 e s e e Tt —»
—_— } o | o
»
9 . < Tc— 7 NTE & al =T T T — >
(] i L - wl
= P
25k
i e e F s Ayt Sl
/ o | gl
225k \ ‘ { 113k Ty
45k T N39 N12 Naz N2
(] i3 N2
: L ——
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Appendix B: Other Discretized methods

* Finite Strip method
* Boundary Element method

e 0%
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
65
Finite Strip method
No difference between FSM )
and FEM, except: //
* FS element has a much SASRasd
longer strip in the element’s R
long. direction. Y
 Stringent shape functionin
long. direction. .
*  For example, from the (o) (al
solution of applicable
classical differential equation
e 090
oo gen s S 00
66
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Finite Strip method i
Compare with FEM: ll ll j,z] i
« Small amount of mesh lines ey e T
(elements) is needed. ;
I
—— 1 ;_3.4
f
= B
T s T T ' s‘x's'i'
(a) {b)
e 0%
e
67
Boundary Element method
* Based on classical theory of
elasticity, a high-order
differential equation can be
derived.
« Using integration by part to
the differential equation, The
boundary integral formulation
can be derived.
* The boundary integration can
be discretized into a serious
boundary elements, so
numerical integration can be
performed.
e 0%0o
oo gen s S 08
68
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Boundary Element method

*  When applying a load at
any internal point "i“ within
or on the boundary of an
elastic body

* The force (stress) and
displacement (strain) at any
boundary points can be
calculated

* The stress and strain at any

other internal points can be
calculated

e o

US. Deparfment of Transportation oo “SOU"’".“&?W
Federal Highway Administration 0g0
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69
Boundary Element method
« 2-D elastic domain:
* Boundary is 1-D
(curve/straight line)
« Discretize boundary curve
into several 1-D line BEs
e 0%0o
US. Department of Transportation © RESOURCE CENTER 70
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Boundary Element method

« 3-D elastic domain:
Boundary is 2-D (surface)

Discretize boundary surface
into several 2-D plate BEs

Boundary
elements

?Depcrmemoﬂmnspc"mm o s?:?ou"‘i“c‘i”‘éi’r’i‘r’:“ﬁ 71
Federal Highway Administration 0g0
71
Boundary Element method
Compare with FEM: S
«  Only require discretization E
of boundary rather than the E -
elastic domain (element) -+
- Easier than FEM for Q |
analyzing stress
concentration and fracture
mechanics applications §
Small amount of BEs is RESatinn
needed. FEM BEM
?Depuvm-erwoﬂmw-'mm o ifou“i"&"&”ﬁ'r‘é'& 72
Federal Highway Administration 0g0
72
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Boundary Element method

Compare with FEM:
* No discretization of interior

is required
| I —_— ]

™ i o - Internal Points
e Hib

Plate with three holes

e o

0~ O emaruonsomesmonn
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0

73

73
Appendix C: FE Modeling for Element
distributed load
* Use Principle of Virtual Work
* Find equivalent nodal loads
e 090 e
74
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FEM analysis for creep & shrinkage
consideration

« Similar to FEM stiffness matrix formulation, the equivalent
nodal forces, {P}, due to element distributed load can be
obtained from the concept of Principle of virtual work, 6U = §W
as follows:

* Let {q} represent nodal displacement vector, b(x, y, z)
represent distributed element force, and u(x, y, z) represent
element deformation

86U = [6eTodv (1)
SW = [éuTbdv  (2)
Let (1)=(2)

e o

0-0 roveumann
US. Deparfment of Transportation © RESOURCE CENTER 75
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FEM analysis for creep & shrinkage
consideration

o [6eTodv = [ suTbdv

« > [BT§qTodv = [ §q" NTbdv; since u = Nq

« > 8q"(f/ BTEBdv) q = 6q" [ NTbdv; since ¢ = Es = E(Bq)
« > 68q"[Klq=6q" [ NThdv

= equivalent nodal force P = [K]q = [ NThdv

Q o

[ e —
US.Deparfment of ansporiation o RESOURCE CENTER 76
Federal Highway Administration o o o
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e 0%o

Foool Hghwoy AdTminitonon
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Lesson 2 General Girder
Bridge Modeling

Learning Outcomes

 Explain the general steps and key parameters that affect
building a good general bridge FEA model.

* Describe the basic procedures for 1D, 2D and 3D refined
analysis and the recommended analysis tool.

R

)
oRlor T i
US.Depariment of Tansporlation & RESOURCE CENTER 2
Federal Highway Administration O ¢ ©




Basic Assumptions for Routine FEA

* Isotropic, linear elastic materials. Shear deformations are negligible.
« Torsional warping is small enough to be neglected.
 Sections do not change due to cracking or yielding during analysis

* Boundary conditions are considered either fully restrained or fully
unrestrained.

 Restraints applied at bearing locations and joints between members.

* Loads remain constant in direction and magnitude. Neglect second-
order effects and no geometric nonlinearities.

» Superposition of loads is valid since material or geometric nonlinearities
are negligible.

* Bridge live loadings can be approximated with concentrated point and
distributed loads

@ :

) o~o it
US.Department of Transportation O RESOURCE CENTER
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* Element types

-~ *Meshing of surfaces and
~ . volumes

= .~/ -/ +Regular, irregular, free,
Ny transition, and mapped
meshes

Mappec
177777
[/ ; /

[/

11////
17777

LN

/
]
|1
/

AN
[ARRRNNN

L

7 pRlo———
) RESOURCE CENTER
Federal Highway Administration 0g0
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Secondary considerations to control
meshing

* Locating nodes where loads are to be applied,
 Locating nodes where output is desired,

* Locating nodes at interfaces with adjacent elements,
such as diaphragms, stiffeners, cross-frames, etc.

* Locating nodes where it is anticipated that a later
iteration of the model will require a node, or

* Orienting the mesh in order to obtain stresses in a
specific direction.

@ :

) o~o it
US.Department of Transportation O RESOURCE CENTER 5
Federal Highway Administration 0p0

One Dimensional Analysis (1-D) Limitations

For I-girders:
» Girders are concentric

* Bearing lines are not skewed more than 10 degrees from
radial

* The stiffness of the girders is similar
* The central angle is less than 0.06 radians, where the arc

span Las, is taken as: ot~
+ 0.9 times the arc length for end spans PR~ Yy

+ 0.8 times the arc length for interior spans

()

. 00 sareanns
US.Department of Transportation © RESOURCE CENTER 6
Federal Highway Administration 0g0
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One Dimensional Analysis (1-D) Limitations

For box girders:

* Girders are concentric

* Bearing lines are not skewed

* The girder depth is less than the width of the box at mid-

depth

* The central is < 0.3 radians, where the arc span Las, is:
* 0.9 times the arc length for end spans
* 0.8 times the arc length for interior spans

 For concrete box, the central angle is < 12 deg (LRFD
46.1.2.3)
@ >

US.Department of Transportation ) “goi,‘."e;'a;"ﬁ 7
Federal Highway Administration 0p0
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Property Calculation
 Section properties
* Warping torsion, equivalent

St. Venant’s
* Diaphragm and cross-frame
stiffness
‘ | Deformed %
Shape \ Unit Load

Equal and Opposite Fixed End
Unit Forces ;

Federal Highway Administration 0g0




Two Dimensional Analysis

Grillage Analogy Method:

* Essentially a computer-aided method for analysis of
bridge decks

* The deck is idealized as a series of ‘beam’ elements
(or grillages), connected and restrained at their joints.

Solid Slab e o

’ [ s e —
US.Department of Transportation o IIEsOl.Tl“CE CENTER

Federal Highway Administration 0p0

Grillage Analogy Method

General Description:

« Each element is given an equivalent bending
and torsional inertia to represent the portion of
the deck which it replaces.

* Bending and torsional stiffness in every region
of slab are assumed to be concentrated in
nearest equivalent grillage beam.

* Restraints, load and supports may be applied
at the joints between the members, and
members framing into a joint may be at any
angle.

e o

10

) oYo e
US.Department of Transportation [e) IESOU”‘I“&‘EEN“!

Federal Highway Administration 0g0
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Grillage Analogy Method

General Description:

« Slab longitudinal stiffness are concentrated in
longitudinal beams; transverse stiffness in
transverse beams.

* Equilibrium in slab requires torque to be
identical in orthogonal directions.

* Twist is same in orthogonal directions in slab
but not in equivalent grillage unless the mesh

is very fine.
(L T
U5 Department of Transportation O RESOURCE CENTER
Federal Highway Administration 0p0
11
Grillage Analogy Method
Basic Theory

* Basic theory includes the displacement of Stiffness Method.

* Essentially a matrix method in which the unknowns are
expressed in terms of displacements of the joints.

* The solutions of the problem consists of finding the values of the
displacements which must be applied to all joints and supports
to restore equilibrium.

@ 2
)

. o sareanns
US.Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Grillage Analogy Method

Features (Solid Slab)

* Longitudinal member
| 0, 5, by |
{I [o' E o E o3 E . -
* must cross any discrete bearings
* spacing closer than 0.25x%span essential
* spacing closer than 2d or 3d pointless
« within 0.3d of edge of slab

* Transverse members
* Ideally orthogonal but skews <20° OK
« similar spacing to longitudinal

< Back Next
@ G

) O™ 0 oo iirmitn
US.Department of Transportation O RESOURCE CENTER
Federal Highway Administration 0p0

5/31/2022

13

Grillage Analogy Method
Features (Skew Decks)

%%

Diaphragm beam

& &L

\[ Edge beam
N

(c) +—p

Grillages for skew decks
(a) skew mesh (b) mesh orthogonal to span (c ) mesh orthogonal to support

14
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Grillage Analogy Method

Features (curved decks)

(a)

(b}

Grillages for curved decks
(a) curved members (b) Straightéegments

15
o

) O™ 0 oo iirmitn
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Grillage Analogy Method

Procedure

* When a bridge deck is analyzed by the method of
Grillage Analogy, there are essentially five steps to be
followed for obtaining design responses :

* |dealization of physical deck into equivalent grillage

« Evaluation of equivalent elastic inertia of members of
grillage

* Application and transfer of loads to various nodes of
grillage

* Determination of force responses and design
envelopes and

* Interpretation of results. P 16
US.Department of Transportation oo :Efou"'.‘ﬁ'afﬁ'ﬁi
Federal Highway Administration 0g0
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Grillage Analogy Method
Grillage of Beam and Slab Deck

Bridge Deck Idealized Mode&Deﬂected)

) O™ 0 oo iirmitn
US.Department of Transportation O RESOURCE CENTER
Federal Highway Administration 0p0
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Plates with Eccentric Beams (PEB)

Refinement to Grillage Method

 Explicitly models the deck slab and girders separately -
composite behavior no longer needs to be approximated.

* The depth of the structure is accounted for by locating the
deck slab “plate” and the longitudinal girder “beams” at
their respective centroids.

* The stiffness properties of the model is improved.

» Enforces compatibility between girders and allows the
transfer of longitudinal shear forces between girders.

* PEB is the recommended refined analysis tool for routine
design of typical beam & slab bridges. 6» °

o

: 0~ O ooy soresmane
US.Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Plates with Eccentric Beams

INlustration:

@ ’
o

US.Department of Transportation oo “goﬁ“&‘a;"ﬁ
Federal Highway Administration 0p0
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Plates with Eccentric Beams

Elements and Geometry

» Girders and the deck are connected at nodal locations. At a
minimum, nodes should be located at the tenth points of each
span.

» Deck and the girders/cross-members are modeled eccentric
to each other.

* The number of longitudinal elements should be such that a
reasonable aspect ratio is obtained. Upto 5to 1 is
acceptable though approaching 1 to 1 is best.

* At least two shell elements between each line of girders in
order to capture shear lag behavior.

* By defining offsets or rigid links between the slab and the
girder, the composite action is automatically achieved.

Q E
o

US.Depariment of Transportation oo “EOWE'&“'NE
Federal Highway Administration 0g0
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Plates with Eccentric Beams
Geometric Attributes — Beam & Slab deck

St Venant Torsion Constant (w/o warping)

The torsion constant , C of the beam can be given as:

Beam

* Sum of torsion constant s for web and flanges;
 For thin section such as b > 5t, C can be given as
e C=Dbt]/3 b =width, t=thickness
Slab

* Shell element — only thickness needs to be defined.

@ :
o

) o~o it
US.Department of Transportation O RESOURCE CENTER
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Plates with Eccentric Beams
Geometric Attributes — Beam & Slab deck
Equivalent Torsion Stiffness of I-Sections (considering warping)
The total equivalent torsional stiffness Jeq estimated as the calculated
Saint-Venant stiffness J plus Jadditional:
2 Lb = Length between cross-frames (in)
j _ j + Lb h h = Distance between flange centroids (in)
eq — YOO LA D G = Shear modulus of elasticity = E/[2%(1+n)] (ksi)
2G (Al + AZ) E= M:guluso olt}eliZs(:iceity,als(kcsi)y ’
n = Poisson’s ratio
D1,D2 = De&ction of top and bottom flanges, respggtively (in)
US.Depariment of Transportation oo “:ou"'."&'&“'nﬁ
Federal Highway Administration O ©
22

11



5/31/2022

Plates with Eccentric Beams

Geometric Attributes — Beam & Slab deck

Equivalent Torsion Stiffness of I-Sections (considering warping)
* For an internal panel with equal size flanges, the equation will be:

; I 6EIh*
“ GLZ
» For an end panel and with equal flanges the equation becomes:
foom T 3EIh*
wdl 2G12%

where: I = Moment of inertia of a flange about a vertical axis (in4)

@ “
o
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Plates with Eccentric Beams
Geometric Attributes — Diaphragms
Transverse Effects w/Diaphragms:
* For continuous cross frames or diaphragms, transverse
load distribution is significant and needs to be simulated in
the PEB.
« If the diaphragm(s) are discontinuous, the transverse
effects are insignificant and can be ignored.
* Provide bracing to the girders during erection (stability).
* Main load path for curved girder bridges.
e i 24
US.Depariment of Transportation © RESOURCE CENTER
Federal Highway Administration O ©
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Plates with Eccentric Beams

Geometric Attributes — Cross Frame/ Diaphragm
Equivalent Stiffness of Cross frame/Diaphragm:

* Typical cross frame or diaphragm can be a plate
diaphragm, an X-, K-, or inverted K-type or others.

» Several approaches are commonly taken to model the
stiffness of a cross frame or diaphragm in a 2D analysis.

* In most cases, differential rotation (twisting) of adjacent
1g:]irders will engage the flexural stiffness of the cross
rames.

» Equivalent stiffness approach taking shear deformation into
account is recommended (Timoshenko formulation).

@ .
o

090
US. Department ot Transportation O RESOURCE CENTER
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Plates with Eccentric Beams
Geometric Attributes — Diaphragm
Equivalent Flexural Stiffness of Diaphragm
- Modeling as a cantilever
Flexure Ay .
Qﬁ) - Apply unit force couple at top & bot
. 7 - Determines A1 and A2
Equal and opposite
\  forces ] - 6=ML/El, & 6= (A1+A2)/depth
\ = 1,= ML/EO
\ V |_becomes the moment of inertia of the
\ 5iaphragm modelled as a line element in
e the PEB.
Fixed supports A, L
e 0% 26
US.Depariment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Plates with Eccentric Beams
Geometric Attributes — Diaphragm

Equivalent Shear Stiffness of Diaphragm

VL
A A = :
M 4 G (A _ VLi )
D 3ET,

Unit Load Aeq = equivalent shear area

D = deflection due to unit force

V = unit force

L = length between girders

E = steel modulus of elasticity

leq = equivalent moment of inertia
G = shear modulus of elasticity =

E/[2x(1+n)] _
A= VL®/3Eleq + PL/GAeq n = Polsson S Jatio

27

o
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[ [ J
Boundary Conditions
0 BRG.

» Sufficient boundary LAy S.EEG'.;/ BER: 2.5'71'7
conditions needed to ensure 4 /
stability oe

0 . 0 Y

» Commonly idealized with full I/_ ] 90
fixity to either translation or T ONTROLS FOR CURVED GIRGER ANALYSIS
rotation

» Friction or non-linear §|# AR g -E)Taf
behavior for advanced N T NN
analyses V1 7 \l

. f “
» Consequences of incorrect | |/ \ 1
boundary conditions \
DEAD LOAD MOMENTS - GIRDER NO. |
----- DESIGNER'S INCORRECT VALUES
'STRESS' CORRECT VALUES i
28
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Bearings

» Never friction free or perfectly rigid

» Restrained directions often have small movement before engaging
restraints

> Very large forces can develop in model that don’t occur in real
bearing

> Directions of restraint and release often a source of trouble
(modeling bearing orientation)

» Eccentricity of bearing from neutral axis — rotation/movement
coupling

e 0%o
US.Departmentof Tansporiation o RESOURCE CENTER
Federal Highway Administration 0p0
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Rotation/Movement Coupling
» When girders rotate at support,
bearings move longitudinally
» Different rotations among
girders means different
longitudinal movements
» Can result in large, self-
equilibrating longitudinal forces
in bearings at a support
e 0%0
US.Depariment of Tansportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Class Exercise

Using what we learned from 2-D, what is the best
way to mesh the following curved structure?
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Class Exercise

Using what we learned from 2-D, what is the best
way to mesh the following curved structure?
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Class Exercise
Suggested 2-D Mesh of the Center Span
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Class Exercise
FEA software generated Mesh of the Center Span

e 0% 34
US.Department of Transportation O RESOURCE CENTER
Federal Highway Administration o oO

34

5/31/2022

17



Three Dimensional Analysis

Element types & usage:

* Many more element types are available compared to
1D & 2D

* When mixing multiple element types, compatible
element DOF need to be ensured at common nodes.

* For instance, connecting a beam element with
rotational stiffness to a solid element with only
translational stiffness will not result in moments being
transferred across the joint.

@

) oro
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Three Dimensional Analysis

ELEMENT TYPE TYPICAL APPLICATIONS
BAR (TRUSS) Steel cross-frame diagonals on a
slab girder structure.

Steel cross-frame top and bottom
chords, girder flanges, diaphragm
flanges, diaphragms, longitudinal
and transverse stiffeners, shear
connectors. etc

SURFACE (SHELL) Concrete deck slabs, girder flanges
and webs, and plate diaphragms,
stiffeners and diaphragms.

36
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Three Dimensional Analysis

ELEMENT TYPE TYPICAL APPLICATIONS

VOLUME Though full 3-D stress field can be
_ captured, itis rarely used.

(o0 SR I\ L\ SN R A [e] DR R 6B Modeling composite action between
girders and deck slabs, offset
between the centroid and the
surface of an element & modeling
elements that are very rigid
compared to surrounding elements,
such as integral concrete bent caps.
SPRING & POINT ELEMENTS Used at interfaces or boundary
conditions, e.g. bearings,
substructure/foundation stiffnesses.

- o

. O M O it
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3D Geometry
» Actual vs. assumed
geometry | TT : & :
» Recommended modeling J ‘
techniques L. L.
N
L ] _ Z - ('_
_ f/
Flange
7 thickness
/}' transition
7R
' (]
o%o0
US.Department of Tansportation o RESOURCE CENTER
Federal Highway Administration O 5 ©
38

19



Flange thickness transition modeling

(a) Poor (b) Good
[

o
o~ 0 s
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Three Dimensional Analysis

Number of Elements:

* The number of elements required is a balance
between accuracy and efficiency.

« Varying the mesh size over a given model can also
achieve efficiency.

» As a rule of thumb, if increasing the number of
elements results in a difference of less than five
percent, the coarser mesh is sufficient.

* The degrees of freedom of the elements being
connected have to be compatible.

@ w0
)
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Three Dimensional Analysis

Aspect Ratio & Geometric Distortion:

* LRFD sets 5:1 as the maximum aspect ratio limit. And
the interior angles of elements should be equal to the
ideal angle plus or minus 60 percent.

* Depending on the element formulation, the application,
and the solver being used, larger aspect ratios and
geometric distortion may be acceptable, but as always,
the results should be verified.

Aspect Ratio:
5 fo |
I to | - 41

=}
US.Department of Transportation oo “goi,‘."e;'a;"ﬁ
Federal Highway Administration 0p0

Aspect Ratio:

41

Three Dimensional Analysis

Girder Flanges:

*« AASHTO Article C4.6.3.3.1 recommends a minimum
of 5, and preferably at least nine nodes per beam
span.

* Modeling the flanges using beam elements is
recommended for I-shaped girders. If shell elements
are used, at least two elements are needed to define
the flange width for |-girders, one on each side of the
web centerline. For box girders, at least two
elements are needed and four are recommended to
capture shear lag effects.

[ «
)

US.Depariment of Transportation oo RESOURCE CENTER
Federal Highway Administration 0g0
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Three Dimensional Analysis

Girder Webs:

. Nu1rréber of shell elements required can vary from 1
to 12.

* If capturing the parabolic shear behavior is
important, use at least four elements throughout the
depth of the web.

* Number of elements required often depends on the
number of elements in the flanges.

* Locations of longitudinal and vertical stiffeners may
be a consideration in the location and number of
elements in the web.

@ 0y ®

) o~o it
US.Department of Transportation O RESOURCE CENTER
Federal Highway Administration 0p0

43

Polling Question 1 (L2S43Q1):

When carrying out the grillage method, skew mesh is not
recommended when the skew angle is more than:

a) 15 deg
b) 20 deg
c) 30 deg
d) 45 deg

()

) 0~0 —
US.Deparimentof Tansporlation & RESOURCE CENTER 44
Federal Highway Administration 0g0

44
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Polling Question 2 (1.2S44Q2):

When mixing multiple element types in 2D or 3D analysis,
compatible element DOF needs to be ensured at common
nodes.

a) True
b) False
ot o ST 45
45
Polling Question 3(1.2S450Q3):

If capturing the parabolic shear behavior is important, at least
how magy elements are recommended throughout the depth of
the web”

a) 2
b) 3
) 4
) 5

o O

()

. 00 sareanns
US.Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Learning Outcome Review
* Explain the general steps and key parameters that affect
building a good general bridge FEA model.

* Describe the basic procedures for 1D, 2D and 3D refined
analysis.

[ "
US.Department of Transportation oo .Egoﬁ&“af“"ﬁ 47
Federal Highway Administration ~ © 50
47
US. Department of Transportation O RESOURCE CENTER
Federal Highway Administration Cp©

Next:
Lesson 3: Modeling
Special Topics

48
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Lesson 3
Modeling Special Topics

Learning Outcomes

* Modeling of pre-stressing

* Modeling of concrete creep & shrinkage

* Modeling of influence surface (will be discussed in Lesson 4)
* Modeling cross-frame

» Shear deformation consideration

» Overview of soil-foundation interaction

R

o
(ehlls) s

US. Department of Transportation © RESOURCE CENTER 2

Federal Highway Administration O 5 ©




Modeling of pre-stressing
(FHWA Manual 4.1.3)

* Equivalent element loads by classical M — V — W diagrams

* Find equivalent segment loads

* Use equivalent truss element with fixed-end forces

e

o

US. Department of Transpertation (? “gofﬁ’e'é'ézm

Federal Highway Administration 0g0

Equivalent element load method

* Draw classical M — V — W
diagrams:

* Apply w(x) and R’s to the
girders. The corresponding
moment is the moment due to

prestress tendon. —

Py

A

e o

US. Department of Transportation Qo “goﬁ'i&‘érﬁ
Federal Highway Administration 0g0
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Equivalent segment loads

_ith segment

* Cut member into several >
segments e lia LT 4 ]
* For each end of segment, find Central location ‘ !

segment end forces due to
grestress force; find reactions
X Py

*XFE =0 ¥XE =0:
* Py + Npycos0, = NpgcosOp (1)
* P, + Nyusinty = Nppsinfg
o ElyE By, 2
* The individual segment’s
equivalent forces are:

* M;=Pe; Qi =Ph . A e

@ o

0%
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0

Equivalent truss element with fixed-end
forces

* Treat tendon as truss Rigid link
element(s): 7
 With consideration of truss = 2. ——

fixed end forces at joints Rigid link Truss element

+ With rigid link connecting truss
to the centroid of segment

e o

Lo gl e —
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Example:

Slave joint =
¥ X
»

Master joint

e

US. Deparfment of Transportation
Federal Highway Administration

Slave joint

% LN

£
/
Master joint

=}
0~ O iuoremyscrmmann
© RESOURCE CENTER
050

US. Deparfment of Transportation
Federal Highway Administration
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Modeling of concrete creep & shrinkage
(FHWA Manual 4.1.2)

* Definition of creep & shrinkage

* Creep coefficient & creep function

» Shrinkage coefficient

* Cross section analysis

» Matrix method for creep & shrinkage
* FEM for creep & shrinkage

e o%0
U5, Depariment of Transportation © RESOURCE CENTER 9
Federal Highway Administration 0g0
9
Definition of creep & shrinkage
* Concrete will creep with time o
when subjected to a ot .
sustained stress from I
tendons L1 o 7 mamen
* Concrete will shrink with time ) - shrinkage
0 1:4 ko) ;r:\e,t
L‘ 3 3‘ ‘i Stress
L : 0 G,
A o . ’ i
Creep ":‘:Shrinkage 0 Tlo Time, ¢
e 0%o
US. Department of Transportation © RESOURCE CENTER 10
Federal Highway Administration 0g0
10



Definition of creep

* Creep strain, ¢..(t,7y) = Concrete strain develops, when
subjected to a sustained stress at time

* Creep coefficient, d(t, 75) = the ratio of creep strain to the
instantaneous elastic strain )
o1

et ) )
° d)(t, TO) — M O'C(To)
€e(To) o, 1) CLTIELT)
* 0.(t9) = Ec(10)€.(T0)

% Time T Time -
(a) Constant stress history (b) Creep strain versus time

05
. 0.38—\/§)
* Note: E.(t) = \e t) )x E. (28 days) = 85% — 115% of E, at 28 days

IR

1

e 0%
US.Deparfment of Tansporiation o RESOURCE CENTER 11
Federal Highway Administration 0g0
11
Creep coefficient
* ¢(t,7) = 1.9kskpckrkeqt™ %118 ; (AASHTO LRFD Specs.):
» 7 = the stress first applied at concrete age t©
 t = the creep considered at time t
* k, = coefficient related to the effect of the volume-to-surface ratio of the
component (i.e. f(%))
* k; = factor for the effect of concrete strength (i.e. f(f/))
* ky. = humidity factor for creep (i.e. f(H))
* k.q = time development factor (i.e. f(f.; t))
e 0%0o
US Deparfmentof Tansporiation & RESOURCE CENTER 12
Federal Highway Administration 0g0
12

4/4/2022



Instaneous and creep strains at time t

* First sustained load (stress) applied at t,:

° &t gcr(t) =Aeg, (TO)[l + o(t, TO)] .UE

» Second sustained load (stress) applied at t;:
* g+ e (D=Age(To)[1 + (L, Tp)]+
Age(t)[1 + ¢(t 11)]

Aoc(Ty
=i ;T(T:)) [1+ ¢t )] b)
Ao, (1y): stress increment at 7,

Ao, (1,): stress increment at 7,

Creep strains can be superpositioned —— i}
* For a total of strain at t,,, %)

Ao (7;
fo+ear(®) = Do o 01+ B(6, 7] Ea ()

* Creep strain is stress dependent

ey Curve (a)
P 7) O()ELT)
% Time % < Time
1)
adm)= o Curve (b)
e ‘——-—-—-—— o) o r)ELT)
T .. Time o Time
1)

Curve (c) =
Curve (&) + Curve (b)

e |————- removed

% T Time

Ecr(‘)ﬂ

T T Time

Curve (d) = Curve (a) - Curve (b)

T 7 Time

US. Department of Transportation

T T Time
)
S
© RESOURCE CENTER 13

Federal Highway Administration 0g0
13
[ t8-r
l P NN NS
Aﬁ“ After elastic P ;Vithlcreep
| shortening | Creep Shortening | development
7///4 7 /, 777 77 7/
R=P i R=P R=P
g, = dgp a5 # dgo Js = Os0 Os # Oy
> & . & .
. . . . . . . .
. k . . R . . * . . R .
Determinate structure Indeterminate structure
? gRo uT
Deparfment of fansporlation o RESOURCE CENTER 14
Federal Highway Administration 0g0
14
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Shrinkage coefficient

+ Shrinkage strain (AASHTO LRFD
Specs.):
* Ep = k khskfktdO 48 x 10_3

* ko= coefficient related to the effect of
the volume-to- surf§ce ratio of the

component (i.e. f(=))

* k;, = humidity factor for shrinkage (i.e. N —
f??m e
* ky = factor for the effect of concrete
s{rength (i.,e. f(f))
ok —tlme development factor (i.e.
)
* Ty = t|me when concrete sets
 Shrinkage strain is not stress
dependent
e 0%
oramr o055 e 19
15
Effect of shrinkage to structural
member
P=0 P=0 P I 0
5 ' | Shrinkage shortening | | I #0
D ..
Determinate structure Indeterminate structure
e 0%0o
N 0
16
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Knowledge Review -- Question 1 ;s

The total creep strain can be obtained by superimposing the creep
strains due to individual sustained loads (stresses).

A. True.
B. False.

e o

) o~o —
US. Department of Transportation © RESOURCE CENTER 17
Federal Highway Administration 0g0

17

Knowledge Review -- Question 2 ;s Qz)

The shrinkage strain is dependent on the sustained loads
(stresses).

A. True.
B. False.

e o

Lo gl e —
US. Department of Transportation © RESOURCE CENTER 18
Federal Highway Administration 0g0
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Conventional structural analysis for creep &

shrinkage consideration
* STEP 1: Perform moment-curvature (M — k) analyses at key
cross sections first

P, =P = fA o(t)dA (equilibrium) T -~ M,
wh

* M, = M; = [, yo(t)dA (equilibrium) L()

. S(Tj) = &(1)) (compatibility) I

* Stress-strain relationship:
. S(Tj) = se(‘rj) + SCT(T]') + ssh(‘rj)
j A c\ti
= Z{=O EUC((T:)) [1 + ¢(Tf’Ti)] + SSh(Tf) V

Oc(Tj g .
- &(1)) = 25 for the conventional M- « analysis ) ¢
Ec(To)
US. Department of Transportation é) :Efou“."&‘a‘g’ﬁ"ﬂ". 19

Federal Highway Administration 0g0

19
Conventional structural analysis for creep &
shrinkage consideration
« STEP 2: Find equivalent nodal forces
» Based on cross-sectional € and k from Step 1
* Get fixed-end forces
- See Appendix A for details
e 0%
ey st DAt 20
20

4/4/2022
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FEM analysis for creep & shrinkage
consideration

* The incremental equivalent nodal forces, {AP}, at time step
t;+1 can be obtained from

* Principle of virtual work (see Appendix A for details)
- {aP} = [[B]"{o}d¢ dv + [[B]T[Eldespdv

Contribution from  Contribution from

creep shrinkage
* where,

* {0}d¢ = Bjo{Agi}[o(tis1, t;) — d(ti 1))
e degy = Esh(ti+1:Td) - Esh(ti:‘[d)

* t; = time at incremental step i; t; = time when jth load applied
* 74 =time when concrete starts to set

e 0%
U5, Depariment of Transportation © RESOURCE CENTER 21
Federal Highway Administration O ©
21
FEM analysis for creep & shrinkage
consideration
« or at Gauss points (Use 2D element as an example):
- e Contribution from
« {AP} = Z%LlZ}‘:l tijWin[B]ij{U}ijd(Pij|]ij| lf creep
+ Bl X ty WiWj (B [Elde| ;] Somebuton fom
e 0%
US Deparfmentof Tansporiation & RESOURCE CENTER 22
Federal Highway Administration 05 ©
22
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Simplified analysis of cross-frame
(FHWA Manual 3.5.3)

» Simply cross-frame to a prismatic member
+ Effective moment of initial of prismatic member for bending, I,

Al 1 kip
3 0 — “
' ) N —— " Rigid link
Y o, == ILLS — K 1%1 in
M= EG H—l kip
L A,
A+A
M = 1xH; 6 = =12=2
I ML
b AE#
e .

US. Deparfment of Transportation é’ “gof,';c"‘a'a;ﬁﬁ
Federal Highway Administration 0g0

23
Simplified analysis of cross-frame
» Simply cross-frame to a prismatic member
- Effective moment of initial of prismatic member for shear, I
1 kip
N d N = ] —_A
N A N e e N TR T
v \ﬁ—l—ﬂ == II\\\ e :RAg ik
b 2B I = pL?
L3 S 12EA
e oRo oo
Fecert gy dcisnaton 096
24

4/4/2022
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Design of cross-frame members

* Obtain 6;, 8;, §;, §; from structural analysis
* Apply 6;,6;, 6;, 6; to cross frame to get member forces
* Design members per AASHTO

M;, 6
6; .
Pt S -9,
i
RE S -
‘Vu & I Apply 6,,6;,6;, 6;
Obtain 6, 9,-, &;, 5),- to cross frame to get
from analysis member forces
e 090 s
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
25
Consider shear deformation
(FHWA Manual 2.3.4)
* Euler-Bernoulli beam
 Plane sections remaining plane
after bending
A= P2
T 3EI
* Timoshenko beam
* Plane of the section do not
remain in the plane after
bending
3
A= (More flexible)
3EI  GAg
where A, (shear area) Timoshenko beam
e oo
USDeporivent ol Irspornciiion © RESOURCE CENTER
Federal Highway Administration 0g0
26
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Definition of shear deformation

» Shear area, A, - | Tave
« Ag = kA
* k = shear coefficient T
— tave d Tmax

Tmax

Rectangular
cross-section

e o

0%
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0

27
Sh def ti
100.00% -

90.00%

80.00% . 3
5 \ / T P L
g 70.00% N —_—
- \ 3E1
O 60.00% \\ Flexure | ——
2 \ ———-Shear
= 50.00% )
e
5 A
S 40.00%
3 hY
VAR
£ 30.00% PL
8 / \\ T

20.00% ol GAs

~ ~
10.00% =T
0.00% Bt
0 1 2 3 4 5 ] 7 8 9 10 1 12 13
Ld
- 0%
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
28
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Member stiffness matrix

* W/O shear deformation:

r4E] 2EI —6EI —6EIT
. L L L2 L2 0.
M; 4EI —6EI —6EI 01
. M; _ L 12 L2 J b
Vi [ — 12E1  12EI | ) §; V1,0
l L
V. symm. L3 IE 5
J 12EI J
L3

e "

) ) —
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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29
Member stiffness matrix
* With shear deformation:
[] [] 6 —6
M, A+ 2= T T,
U ¢ 6 —6
M\ _ m 1A+ — 116
Vi (+e) comm, 2 12 5
o 2 2
4 g oL\
12EI v
* Where ¢ S
e 0%o
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 05 ©
30

15



Soil-Foundation Interaction
(FHWA Manual 5.2)

* Soil behavior under loading

* Modeling stiffness matrix for spread footing

* Modeling stiffness matrix for pile (drilled shaft) footing
* Modeling stiffness matrix for abutment

e 0%
US.Deparfment of Tansporiation o RESOURCE CENTER
Federal Highway Administration O ©
31
Soil behavior under loading
* 0 — € curve — soil spring constant
e ~—
— a,
= y(ft) y(fe)
Soil spring (spread footing) Soil spring (pile, drilled shaft)
 Consult geotechnical engineer for using adequate soil spring
model(s) for your project
e 0%0o
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 05 ©
32

4/4/2022

16



Modeling stiffness matrix for spread footing
* Direct approach:
* Last resort

Y

l\.

o
o~ o e —
US. Deparfment of Transportation o lEsOlT;CE CENTER
Federal Highway Administration 0g0

33
Modeling stiffness matrix for spread footing
« Substructuring approach: B A i
1 x S Ky
—~
ok kK slave joint  master joint
[ ) ’ Condensed model
Winkler spring model
* Analysis: use equivalent (secant) stiffness / overshooting
if overshooting occurred. g
kS
y(ft)
e oRo oo
N
34

4/4/2022
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Modeling stiffness matrix for pile footing

EXP FIXED EXP

 Direct approach: + T =

Ca) bam L
- Last resort - W " N

o
US. Deparfment of Transportation é’ “goﬁ';&'a‘;ﬁﬁ
Federal Highway Administration 0g0

35
Modeling stiffness matrix for pile footing
 Substructuring approach:
o i
[t ] =
[ks)6xe ceeas [kloxe master joint
* Pile [k]¢xe Can be obtained by any pile analysis software
* LPILE, COM624, FB-Pier, etc.
e oRo oo
36

4/4/2022
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Modeling stiffness matrix for pile footing

¢ [k5]6><6=
r kss -
k11 ;ﬁ.\j‘kss
k2, ke ‘1‘1“1
k33 k3s
kas
symm. kce
keg (ECS: X,,Y,,Z,)
e 0%
US.Department of Tonsportation o' RESOURCE CENTER
Federal Highway Administration O ©
37
Modeling stiffness matrix for pile footlng
* Analysis: use equivalent e N
(secant) stiffness, if [_%KZ
overshooting occurred. ——. K‘iﬁ. K.
nb ‘CJWV‘L ‘C’\W‘*
3 -%WH‘%-W%W [kl?lltx(
[%s]6xs ceees [k ]Gxﬁ master joint
/“ overshooting
P
kg
y(fe)
e 0%
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 05 ©
38
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Modeling stiffness matrix for pile footing

* Analysis: use equivalent
cantilever column approach, if
software does not provide
point element option.

Y| Wﬂ?ﬁﬁ’léﬁ\ye

e

US. Deparfment of Transportation

Qs
© RESOURCE CENTER

Equivalent
Cantilever Columns

Federal Highway Administration 0g0
39
Equivalent cantilever column approach
¢ Try to match [k] equiv to [ks]6><6 i
[ T 11
. 12EL, —6EI, k22 kye
e ST b k Kas
kz:@ kze_@ - s * k44
(el = L - L symm. kss
4EL, k66
T 4EI
kgz = LZ From soil analysis program
Equivalent cantilever column | |
e
- l kzZﬁl: ( l\ « ke
L ¥ rad
US. Depariment of Transportation Qo :;Sou‘i&‘&"'mﬁ
Federal Highway Administration 0g0
40

4/4/2022

20



4/4/2022

Equivalent cantilever column approach

12E1 4E1
Example: Match:k,, = L—az; keo = LZ
. kgeL
« Equivalent El, = Z" ;
* Equivalent L : hiEs
__ 12EI, WW\V’LX& _ -

ko, = 3 % (k66) h

L (3kee\O

cr= (e
« Equivalent EI, = % L L

(approximated)
 Equivalent EA = kyy X L; G] = kgy X L

. Fk]e wiv 1S suitable for soil in the
inear range (i.e. no overshooting)

[
US. Deparfment of Transportation g;?oﬁ‘i“e;‘&"ﬁ'ﬁ“i
Federal Highway Administration 0g0
41
AASHTO Equivalent Cantilever
(not for refined analysis)
* Models the foundation as a beam-
column fixed at a depth D: ‘ T o
_ 5 Eleff pue
D =18 o (sands) — \ ‘L
_ 1 4| Eless K
D =14 o, (clays) , ;
n, = soil modulus deformed shape — .| %
S, = undrained shear strength \
.. . h Depth to Fixity
* Only for preliminary design purpose z
« Assume a single uniform soil Model
» Soil is assumed perfect elastic . .
. Pile Behavior
« Cannot accurately assess lateral disp.
» Don’t distinguish free-headed and fixed-
headed pile Ref: AASHTO LRFD, Article C10.7.3.13.4
after Davisson and Robinson (1965)
e oRo oo
UsS. Department of Transportation © RESOURCE CENTER 42
Federal Highway Administration 0g0
42
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Modeling stiffness matrix for abutment

* Substructuring approach
* Rigid body transformation

Abutrment longitudinal
<’ (parallel to backwally
Abutrment transverse

(perpendicular to backwall)

e ; (o ol o
43
Learning Outcomes Review
* Modeling of pre-stressing
* Modeling of concrete creep & shrinkage
* Modeling of influence surface (discussed in Lesson 4)
* Modeling cross-frame
» Shear deformation consideration
» Overview of soil-foundation interaction
e 0%0o
L 4“
44
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Next:
Lesson 4: Load
Applications

Appendix A: Conventional structural
analysis for creep & shrinkage
consideration

« STEP 1: Perform cross-sectional moment-curvature (M — k) analysis first

*P, =P = [, a(t)dA (equilibrium)

* M, =M; = [, yo(t)dA (equilibrium) T ‘\‘%PE

- &(1) = &(7)) (compatibility) vee {t&)

- Stress-strain relationship: |

gclt)
. s(rj) = ee(‘rj) r ecr(‘rj) + & (7)) ‘
1+¢(7j,7 i Aoc(t;

=R o) + EL R+ 0(mw)] +enl)
ac(tj)
Ec(To)

e &(1j) = for the conventional M- k analysis x

R

o
oo
US.Deparfment of Tansperiation o RESOURCE CENTER 46
Federal Highway Administration O 5 ©

46
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Conventional structural analysis for creep &

shrinkage consideration
« STEP 2: Member nodal displacement/force analysis based on
(M — k) analyses in Step 1
* For statically determinate structure
* Conjugate beam at each time step 1;
ce={ €(x);dx (axial deformation)
= [ k(x),;dx
© v = ffr(x)xdx
* For example, performing M — k analyses on sections A, B,and C
*esp = é(eA + 4ec + &p)

l O
L 0A=E(KA+2KC)=_HB M
2
* Ve = %(KA aF 10KC aF KB)
e .

) o~o —
US. Department of Transportation © RESOURCE CENTER 47
Federal Highway Administration 0g0

47
Conventional structural analysis for creep &
shrinkage consideration
* STEP 2: Member nodal displacement/force  4-amc) ats,

analysis based on (M — k) analyses in Step 1 j Indetermmatestmcmreﬁ( )
* For statically indeterminate structure () — 6,1
* By Conventional redundant released method -ILMB(U
- Conjugate beam at each time step t; for the ;| Released structure 1237
released structure +
* At each time step 1;, find incremental equivalent 4 | 4¥(z)
nodal forces AMs, AVs, APs 4 JEOR
Redundant load A\r’k(t".)
e 0%0o
US Deparfmentof Tansporiation & RESOURCE CENTER 48
Federal Highway Administration 0g0
48
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FEM analysis for creep & shrinkage
consideration

» Similar to FEM stiffness matrix formulation, the incremental
equivalent nodal forces, {AP}, due to creep & shrinkage for
incremental time step t;,; can be obtained from the concept of
Principle of virtual work, 6U = §W as follows:

- 8U = [ 6(8e) dv = [ o([B]"{6u})dv ; SW = P{5u} = {0} (since no
external load)
= [[B]Todv =0

« At any time increment, [[B]"dodv = 0 (1)

« Total strain at time t: € = ¢, + €,¢(t, ) + &(t, T)

o ~de =de, + £,dp(t,T) + deg(t, ) or simplify to de = de, + £,d¢p + de;

de, = de —e,d — deg

* do = Ede, = E[de — g,d¢p — d&] (2)

e o

) o~o —
US. Department of Transportation © RESOURCE CENTER 49
Federal Highway Administration 0g0

49

FEM analysis for creep & shrinkage
consideration

* Substitute (2) into (1):
* [ BTE[de — e,dp — deg]dv =0
* > [BTEdedv — [ BTEe,d¢pdv — [ BTEdesdv = 0
* > [ BTEBdudv — [ BTod¢dv — [ BTEdegdv = 0
* > Kdu — [ BTod¢pdv — [ BTEdesdv = 0
« & Kdu = [ BTod¢pdv + [ BTEde,dv = AP (equivalent nodal load) (3)

Contribution from Contribution from
creep shrinkage

* At any time increment i + 1, incremental nodal displacement
du;,,can be obtained by du;.; = K~ 1AP;

o
OO rsgrrrmmves
US. Department of Transportation © RESOURCE CENTER 50
Federal Highway Administration 0g0

50
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FEM analysis for creep & shrinkage
consideration

* In which:
* {o}do = Tj-o{dgi}[#(tirn t) — O (ti t))]

 degp = ep(tivn, Ta) — Esn(tiy Ta)
* t; = time at incremental step i; t; = time when jth load applied

» 74 =time when concrete starts to set
* Once du is calculated:
* de, = Bdu; de = dg, + €,d¢ + deg; do = Ede,
ce=¢+de
cog=0+do
* Go to the next incremental time

e o 51

4/4/2022
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51
FEM analysis for creep & shrinkage
consideration
* Graphic representative of {a}d¢ = X'_{Ac;}[P(tir1,t;) — P(t1,t7)]

a Eor
Zl A0y
0 Aay
to t t
* 01dp = Aop[P(t; — tg) — P (t; — to)]
° +Aoy[p(t; —t1) — p(t; — t1)]
e 0%
L%g;m::mﬁz‘m o l::soou'ic‘i'c'i"nﬁ 52
52

26



General FEM analysis for creep & shrinkage

consideration
* Advantage of FEA for creep & shrinkage:

* On the stress level, so no cross-sectional M-Curvature analyses are
needed at each time step.

* The incremental equivalent nodal forces, {AP}, can be directly obtained
from Eq. (3) by numerical integration at Gauss points

e o

) 090 e
US. Department of Transportation o u:soiﬁ’&'&!m 58]
Federal Highway Administration O ©

53
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Lesson 4
Load Applications

Learning Outcomes

» Describe application of different loads
* Describe influence lines and influence surfaces for LL analysis

e o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Types of Loads — most software can
apply:

* Dead Loads

* Live Loads

* Pre-stressing Loads (Lesson 3)

* Loads due to concrete creep & shrinkage (Lesson 3)
 Loads due to temperature changes

e o

US. Department of Transportation oo uggou“i“e’i?fﬁ'ﬁ‘;
Federal Highway Administration 0g0

Dead Loads

* Modeled Components — Software generates loads since cross
section and properties of a member are provided.

* Non-modeled Components — DLs that designer does not want to
contribute to the stiffness of a member
 Barriers, haunches, utilities, connection loads
* Increase material density, or
» Through use of distributed and concentrated loads

Q o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Dead Loads

* For example: Non-composite
DL1:

* Modeled component - Girder
self-weight

* Non-modeled components -
Slab & haunch loads

DL from haunch DL from Slab

|

DL from haunch

LTI

L

el

Girder self-weight

R

US. Deparfment of Transportation
Federal Highway Administration

[N J—
© RESOURCE CENTER
0n0

Recommendation for applying DL

* Preferably, a node should be present at locations of unmoving

concentrated loads.

* The mesh should be fine enough to approximate the static
equivalent load effects for distributed loads

* The finer the mesh, the more accurate the load effect is.

R

US. Deparfment of Transportation
Federal Highway Administration

090
© RESOURCE CENTER
o o o
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Live Load Models (AASHTO 3.6.1.2)

° AASHTO HL-93 DeSign Live Load a) Design truck load plus lane load:
Model: HL-93 is a notional design
live load model, including: S

o HL-93 design tl"UCk; ﬂ mm\i\'“_mum'iLMLiJm H\ deSEEHTEJ‘EF:’:'D“T
* HL-93 design tandem; and ks 32kips skips
« HL-93 design lane load (uniform ) Tedemplisneload

load) @‘:"“” design lane (0.64 k/f)

° Actual hlghway Iane Wldth - 12 ft ‘H\HHHHH HX‘HHHI HHHHHHHHH{H\IJ

* Actual design lane width = 10 ft
(AASHTO 3.6.1.2.4)

[
design lane (0.64 k/ft)

25 kips' ¥ 25 kips

e o

US. Department of Transportation oo uggou“i“e’i?fﬁ'ﬁ‘;
Federal Highway Administration 0g0

12 ft lane

=16 ft
e width

Modeling Live Loads

* Influence line
* Influence surface

Q o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Definition of influence line

* Influence line is a 1-D mathematic function, which represents
the load effect (such as moment, shear or deflection) at a
specific point in a 1-D structure (a beam or a stripe of deck),
due to a unit concentrate live load moving along the structure.

* For example: The reaction Influence line for a 3 equal-span
continuous beam:

unit load 1 Kip

Rgf’ - Intermediate % .
Reaction I

e o

0-0 roveumann
US. Deparfment of Transportation © RESOURCE CENTER 9
Federal Highway Administration 0g0

Influence Line Example:

« Use the following influence
line, find the total reaction
force at support B. Wheelaxeox: (1) (2)

Intermediate
Reaction
For wheel axle 3: [0.448 + (0,575 — 0.448) (;)] ®) = 4.346 (kip)
For wheel axle 2: (1.0)(32) = 32
For wheel axle 1: [0.602 +(0.725 — 0.602) G)] (32)___ = 22.126
Total =_58.56 (kip)
Q .

[ e —
US.Deparfment of ansporiation o RESOURCE CENTER 10
Federal Highway Administration o o o
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Definition of influence surface

* Influence surface is a 2-D mathematic function, which
represents the load effect (such as moment, shear or
deflection) at a specific point in a 2-D structure (such as a deck
surface), due to a unit concentrate live load moving on the

surface. .
unit 1(>)§1d 1 kip - \

) P

Overhang moment at point A
&

Ao o%0
US. Deparfment of Transportation O RESOURCE CENTER 11
Federal Highway Administration 0g0
11
Definition of influence surface
* For example: bending moment £
influence surface at Point Afor 2 "°T <= I
deck overhang of a segmental & \ \/
box superstructure. g \\\\\ / / / / /
é 06 \\ 0.40
:é 0.4+
% 024
é , Point A
5 00 . — T —
g 15 10 -5 0 5 10 15
- Load Long. Location (Ft)
e 090
US. Department of Transportation © RESOURCE CENTER 12
Federal Highway Administration 0g0
12
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Influence Surface Example:

* Use the following influence
line, find the total reaction
force at Point A.

» Solution:
Mpoine 2 = 16(0.12) + 16(0.27)
+4(0) = 6.24 (k — ft)

0.8

0.6

0.4+

024

Point A
0.0 1+ " (\‘/ ! ! | overnang fixea ena

-15 -10 -5 0 5 10 15
Load Long. Location (Ft)

e o

oo —
US. Department of Transportation © RESOURCE CENTER 13
Federal Highway Administration 0g0

Load transverse location (fraction of cantilever length)

13
How to generate an influence surface?
« Step 1: Model the structural deck
by plate elements
‘:-:‘} = (e‘nel ate deck using plate elements
Lo (CBEEREaa; pus Ot «
& o ®
Plane view
« Step 2: Define the traffic lane(s) location
CHHMH H@Hi """ Hii* Hiiiﬂ“':'xﬂii":ﬂ
< il : : €
it e 23 %@HHH*«“*H e
e 0%0o
US.Department of Tonsportation & RESOURCE CENTER 14
Federal Highway Administration 0g0
14



How to generate an influence surface?

« Step 3: Define force (or displacement) type at a specific point
(or location) for the influence surface

@'Hift*f H;@H::::ztfﬁ*ii ﬁﬁfﬂ:::ttiﬂﬁ 1‘1’

SRSEEESEEEESE SHSIEE IR

o

"For example: Deflection at center of first span

« Step 4: Generate influence surface - by applying the unit load
at each note (one at a time) within the traffic lane, and save the
force/displacement at the point considered in the data base.

e o

oo —
US. Department of Transportation © RESOURCE CENTER 15
Federal Highway Administration 0g0

15

How to generate an influence surface?

« Step 4: Generate influence surfaces (continued)

Influence

face of the displacement at the center of the 1st span

Influence surface for moment (M,,) at the center of the 2°¢ span

e o

[ e —
US. Department of Transportation © RESOURCE CENTER 16
Federal Highway Administration 0g0

16
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Use influence surface for live load
analysis

Maximum shear caused by HL-93 truck load

e o

) oo —
US. Department of Transportation © RESOURCE CENTER 17
Federal Highway Administration 0g0

17

Verifying Live Loads

« The designer is responsible to confirm results

« Spot check results or use separate software tool to confirm
results

e 00

[ I —
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Loads due to temperature changes

* The incremental equivalent nodal forces, {AP}, due to
temperature change, AT.

* Principle of virtual work
~ Contribution from

[
- {AP} = f[B]T[E]{dEt}dU | Strain change due to temperature
* where,
{de;} = {aAT}
a = Thermal coefficient;

e 0%
roommamensannan | Gag 1S
19
Loads due to temperature changes
« or at Gauss points (Use 2D element as an example):
© (8P} =X X0 tiWiW[BIG[El(ded ],
e 090
oo gen s S 20
20
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+ Software demonstration of influence surfaces and
vehicular loads optimization

e o

0-0 roveumann
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0

21

Learning Outcomes

« Describe application of different loads
* Dead Loads
* Live Loads
* Pre-stressing Loads (Lesson 3)
* Loads due to concrete creep & shrinkage (Lesson 3)
* Loads due to temperature changes

* Describe influence lines and influence surfaces for LL analysis

* Demonstrate how typical commercial bridge
software handles influence surfaces and moving loads analysis

Q o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration o o o
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Next:
Lesson 5: Example — Concrete
Girder Bridge Modeling

23

4/4/2022
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Lesson 5
Concrete PS Girder
Bridges Modeling

Learning Outcome

By the end of this lesson, you will be able to:

1. Perform 1D line Girder Analysis of three span bridge

2. Perform 2D Plate and Eccentric Beam (PEB) Analysis of three span
bridge

3. Perform 3D Finite Element Analysis of 3 span bridge

4. Compare results from the three model analysis
@ o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER 2
Federal Highway Administration 0g0

4/4/2022



Precast Concrete I- Girder Bridge

§ BRG. ABUT, | —=]

343'-9" ¢ TO § END BEARINGS

R

US. Deparfment of Transportation
Federal Highway Administration 0g0

o©

O e oy soremen
© RESOURCE CENTER

Precast Concrete I- Girder Bridge

43°-4}" (OUT-TO-OUT)

184
PARAPET

y-84
0" (CURB TO CURB) , PARAPET
R paome .
\ INTERMEDIATE = O R [
\ / DIAPHRAGM )i
. R SSutut— — - —_— e

‘ — 7'J\L J [\‘ ] —ToP OF PIER
~ (M | - OR ABUTMENT
. AASHTO TYPE = e
~ V1 P/S CONCRETE FIER CONTINUITY OR

BEAM (TYP.) ABUTMENT DIAPHRAGM
3 SPACES © 11'-6° = 34'- paree

t -
HALF-SECTION AT y = .
HALF-SECTION AT SUPPORT
INTERMEDIATE DIAPHRAGMS LE=sEL =

Cross-Section
(U o

[ —
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0

4/4/2022



1D Line Girder Analysis  couwwt owy
| |

Steps: s =

1. Determine non-composite and composite section properties for

. Interior and exterior girders.
NA=sozooockefosozaas

2. Calculate Live Load distribution factors Concrete |-shape

. Interior and exterior girders

. One lane loaded and multiple lanes loaded
3. Determine dead loads

. Girder self-weight- applied to non-composite section

. Concrete deck slab, haunches, barriers, intermediate diaphragms, stay-in-place (SIP) forms-applied to non-composite section

. Future wearing surface (FWS), barriers — applied to composite section

4. Develop and run analysis models

. Simply supported using non-composite section and applying non-composite loads
. Continuous using composite section and applying composite loads & live loads
. Effect of creep

5. Develop moment, shear, and deflection diagrams
. Non-composite dead load, composite dead load, and live load

e %6

US. Department of Transportation oo RESOURCE CENTER
Federal Highway Administration 0g0

1D Line Girder Analysis- Step 1

Non-Composite Section Properties r 7
b h A y Ay d=(y-Yoar) . I1=1I, +Ad®
Comp. # (in) | (in) (in®) (in) (in’) (};.u) A (in) Lo (in*) (in*)
O 1O @ (5) (6) (@) @®) ©) (10) an
Al 1 42 5 210 69.5 14595.0 33.12 230347.25 437.5 230785 - - -
A2 2 13 3 39 66 2574.0 29.62 34214.94 19.5 34234
A3 2 4 3 24 65.5 1572.0 29.12 20350.48 18.0 20368
A4 2 4 4 16 62.7 1002.7 26.29 11055.28 14.22 11069
AS 1 8 59 472 375 17700.0 1.12 591.39 136919 137510
A6 2 10 10 100 113 11333 -25.05 62736.78 555.56 63292
A7 1 28 8 224 4 896.0 -32.38 234865.38 1194.67 236060
XA=| 1085 | TAy=| 39473.0 Ix= 733320
Yoar = ZAy/ZA= 36.38  inches I |
A= 1085 in?
L= 733320.29 int
1 3
IR:*r.‘tun_:;!e = ﬁ bh
1 le -

I‘J'J‘[cmy!e = %bhs

Panaiici i iheoneme Tt —peik AASHTO Type VI prestressed beam.
R o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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1D Line Girder Analysis- Step 1

Composite Section Properties

. b h A s Ay d=(y- Tbar) . . I=1, Concrete Deck
Comp. | iy | Gn) | () (i}n) (m}f) (nf) | Ak | L | (in") | \‘ |
(1) 3) 4) (5) (6 0] (8) @) (10) an + %
Deck 94.52 8 756.2 76 57468.9 2335 412198.0 | 403290 4162309 I 1
Beam - - 1085 36.38 39473 -16.27 2872732 | 7333203 | 10205935
TA= | 18412 | IAy=| 969419 Iy =| 14368243
Veu= ZIAJ/IA= 5265  inches NA------o—f -
A= 18412 in? Concrete I-shape
I, = 14368243 it -interior girder.
. b h A / Ay A=YV tar 3 . I=1,
com | | | | | ((m) Ay | +Ad (inf)
03] 3 ) 5) (6 (7 8 © (10) (11
Deck 83.73 8 669.9 76 50909.9 24.50 401952.3 3572.6 405524.9 E. = 18204/f; w, = 0.140 + 0.001f,
Beam | - - | 1085 | 3638 | 39473 | -1512 | 248161.0 | 7333203 | 9814813 E, = 33,000K, w5 FT . Buauin
IA= | 17549 TAy= | 903829 I = 1387006.2 n= m
Vor= ZAyZA= 5150 inches
A= 17549 in? exterior girder.
.= 13870062 in* 0%
e - - — . ent of Tansportation © RESOURCE CENTER 7
Federal Highway Administration 0g0

1D Line Girder Analysis- Step 2

Live Load Distribution Factors — interior girders

§104 6\03 7 s : Lanes Spans 1
G = 0.06 + (ﬁ) (I) (12 0153) Action Loaded and 3 Span 2
M | 0.61 0.60
5 + ~ )
bors g \06 /5,02 K, 0.1 M+ and M- not between POCs o 0.01 0.01
Gumy = 0.075+ (_) (_) ‘
9.5/ \L 12.0Lt? - 1 0.1
3 M- between POCs pn 0.01
Where:  § girder spacing [ft]
L = spanlength [f]
ts = deck slab thickuess [in]
K¢ = longitudinal stiffness parameter [in'] = n(lx + Aeg’)
n = modularratio
A Tx = area and moment of inertia for non-composite beam
eg = distance between centers of gravity of the non-composite beam and deck e
SI-Hb .[111]. US. Department of Transportation 000 URCE CENTER 8
g = distribution factor - o ERMRCR CENTER

Federal Highway Administration o o o
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1D Line Girder Analysis- Step 2

Live Load Distribution Factors — Exterior girders
Lever rule method

X1 = OVER — Barrier — 2 T ——

X2 =6 +X1 d
qzm(s—x1+5—x2) 9:0.77+T91
‘ 28
Action Lanes Loaded | Spans 1 and 3 | Span?2
M+ and M- not between POCs 2+ 0.97 0.97 Lever rule dimensions.
M- between POCs 2+ 0.97

e o

0~ O emaruonsomesmonn
US. Department of Transportation © RESOURCE CENTER 9
Federal Highway Administration 0g0

1D Line Girder Analysis- Step2

Live Load Distribution Factors — Exterior girders
Rigid cross- section method

Where: R = reaction on exterior beam in terms of lanes
m = multiple presence factor, from AASHTO LRFD Table 3.6.1.1.2-1
Ni = number of loaded lanes under consideration
N, Xoo E?“L e e = eccentrici‘ryl of design truck or design lane load from center of gravity of the
R=m N v pattern of girders [ft]
b Xy x X = horizontal distance from center of gravity of girder paftern to each girder [ft]
Xext = horizontal distance from center of gravity of girder paftern to exterior girder
(ft]

No = number of beams/girders

One Lane Loaded

Multiple Lanes Loaded

Table 4.6.2.2.2d-1

0.97

0.97

Rigid Cross-Section

0.77

0.97

[

US. Deparfment of Transportation
Federal Highway Administration

090
© RESOURCE CENTER
o o o
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1D Line Girder Analysis- Step3

Dead loads

Dead Load Component ] Interior | Exterior

Girder Self-Weight, wsw [K/ft] 1.130 1.130

Stay-in-Place Forms, wsip [k/ft] 0.170 0.086

Concrete Deck Slab, Waeck [k/ft] 1.220 1.080

Concrete Haunch, wi [k/ft] 0.240 0.390

Intermediate Diaphragms, Py [k] 5.190 2.440

Barrier, we [K/ft] 0.315 0.315

Future Wearing Surface, wrws [k/ft] 0.350 0.260

Dead loads on a per girder basis.
Q 5
[ Rl & P —
US. Department of Transportation © RESOURCE CENTER 11
Federal Highway Administration 0g0
11

1D Line Girder Analysis-Step4

Develop Analysis Models i
1. Basic Layout — Span lengths and support types
2. Properties of cross-sections i
3. Dead loads
4. Live loads »
5. Verify model is correct- Simple check
li»li) Superstructure
e 0%0o
oo gen s S 12
12
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Question # 1 (Lo5513Q1) @

What is a simple check to verify 1D model. Select all that apply

Compare DL Moment to AISC tables: Moment, Shears, and
Reactions for Continuous Highway Bridges

Compare simple span DL Moments, Shears and reactions to AISC
Steel Construction Manual tables

Apply dead load of barrier and compare to reactions from 1 D
Analysis

All of the above

o0 W »

e o

oo —
US. Department of Transportation © RESOURCE CENTER 13
Federal Highway Administration 0g0

13

Question # 1 @

Answer: All of the above

Example: C

Total Applied Load = 0.315 k/ft x 343.75 ft = 108.28 k

Abutment 1 Pier 1 Pier 2 | Abutment 2 Total
1438k 3976k | 39.76k 1438k 10828 k

e o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER 14
Federal Highway Administration 0g0
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1D Line Girder Analysis- Step5

Develop moment, shear and deflection diagrams

7000

—@— OCI(Beam,SIP Forms, Diap, Haun,, Deck)  —@— DC2 + DW (Simply Supported) —&— DC2 +OW (Continuows ]
— 4~ Max Positive LLIM — o Max. Negative LL+M
l¢— CL BRG. Abutment 1 a pier1—», L pier 2—p! CL BRG. Abutment2 —p
6000
i
M+ DC1 \ M+ DC2 M+ LL
5000 1 ‘

4000

Moment diagram and live load
envelop for interior girder

3000

2000

Mom ent (k-ft)

1000

-1000

2000

-3000

e o

oo —
US. Department of Transportation © RESOURCE CENTER 15
Federal Highway Administration 0g0
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1D Line Girder Analysis- Step5

Develop moment, shear and deflection diagrams

200
—®— OC1 (8eam, SIPForms, Diap., Haun, Deckl  —— DC2 + DW (Simply Supported) —6— DC2 + DW (Continuous)
— & Max Positive LL+IM — - Max.Negative LL+IM
«— CL BRG. Abutment 1 L Pier1— CL Fier 2—» CL BRG.Abutment 2 —%
150 ®_15517 155.17p 15517 g

13903 14311

V+LL
' Shear diagram and live load
envelop for interior girder

Shear(k)

e o

; : [ R——
o w2 o4 0s oE 4 a2 44 a8 & 2 22 a2a  2s 28 3 US Depariment ot Tronsporlation o RESOURCE CENTER 16
= — — — - — — Federal Highway Administration 0g0
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1D Line Girder Analysis- Step5

Develop moment, shear and deflection diagrams

Deflection diagram and live load
envelop for interior girder

Deflection (in}

-2.62

| !
D DC1/ i DLL ‘
35
@— CL BRG.Abutment 1 CL Pier 1 —p' CL Pier 2= CL BRG.Abutment2 ——»
| s e e m——— i Q@
= g US. Department of T tat N Tre—
] 02 04 06 03 1 12 14 16 18 2 22 24 26 28 3 ) r of ICJDSDOI lon ORESOU‘CECENHR 17

Federal Highway Administration 0g0
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1D Line Girder Analysis- Step5

Develop moment, shear and deflection diagrams

7000

—— DC1(Beam,SIP Forms, Diap, Haun., Deck) —@— DQ +DW (Simply Supported) —8— D2 + DW (Continuous)
6000 :
{4—CL BRG. Abutment1 CL Pier JAD‘ Q Pier 2—p- (L BRG. Abutment2 —p
: M+
2o | M+DCH, ! M+ DC2 |

i \
i \ s 4286
i

4000

Moment diagram and live load
envelop for exterior girder

3000
2
£ 2000 |
H
2 \
| \
1000 1
o« 55 / J L E—E—ale
. s ! - & LN
0 8 a = 2
= & s T
= E a 8 z P
- ' e - pead
~ S
-1000 - i o ou 5
« i P e o\
Yo I g »” \
? 1 \
2000 = — \
% /
M-LL —— -2546 ¥ asa6 M DC2 e
o
3000 —t v [ Tl I —
02 0a 0s 08 1 12 14 16 18 2 22 24 26 28 3 Us. Depariment of Tonsporiction © RESOURCE CENTER 18

Federal Highway Administration 0g0
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1D Line Girder Analysis- Step5

Develop moment, shear and deflection diagrams

200

—®— DC1 (Beam, 5P Forms, Diap, Haun, Deck]  —+— D2 +DW (simplySupported)
— & Max Positive LL+IM

— 0~ Max Negative LM
4—0 BRG. Abutment 1

—&— DC2+ DW (Continuous) |
CL Pier 1—| CL Pier 2— QL BRG. Abutment2 —
150 m¥5L 150.22 150.22,
13838 14244
V DC2 - V+LL
.
\
. \
5, \
T o\
N
.

‘ Shear diagram and live load
o envelop for exterior girder

.. 1173
-
\
3760 &\
o) -25.79
h 3256 s
< -32. \ e 3199
2 e
N \ N
\ 0,
0, \ £
o, \ ot
< \
B3 T BT
V DC2 <\
%
-13838
.
19022 15022 e
I P —
200 US. Deparfment of Transportation © RESOURCE CENTER 19
1 T ? inistrati 0n0
o 02 o0& o6 o8 1 12 14 16 18 2 22 24 26 28 3 Federal Highway Administration o

1D Line Girder Analysis- Step5

Develop moment, shear and deflection diagrams

05

15

Deflection (in}

girder

+—C. BRG. Abutment1

|
DLL

CLPierl CL Pier 2—p- D DC2 L BRG.Abutment2 —p
‘ ~—— DC1 (Beam, SIP Forms, Diap., Haun., Deck) i DC2 + DW - LL+IM ‘ e
3 ; : o
0 02 04 06 08 1 12 14 16 18 F 4 22 24 26 28 3 US. DEpG’m’E(ﬁDfTIGI’ISDQI'GDOﬂ oc)nzsoou“i“&?m 20
Federal Highway Administration 0g0
20

Deflection diagram for exterior

10
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2D Plate and Eccentric Beam Analysis

Steps:
1. Create a Model for non-composite dead loads

2. Create a Model for composite dead loads
3. Create a Model for live load

4. Combine analysis results

reference plane at
girder centroid

e o

090 S
US. Deparfment of Transportation © RESOURCE CENTER 21
Federal Highway Administration 0g0
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2D Plate and Eccentric Beam Analysis
Step 1: Create a model for non-composite

Step 1a- Define girder and intermediate diaphragm locations

Component Stait End CONNECTION T *
v x(f) [y |z | x(f) | v() | z(fD) BETWEEN GIRDER AND
Bl 0 34.5 0 113.25 | 345 0 DIAPHRAGM (TYP%
B2 0 23.0 0 113.25 | 23.0 0
B3 0 11.5 0 113.25 | 11.5 0
. B4 _ 0 0 0 1 13.2? 0 0 T
Int. Diaphragm B1-B2 | 56.625 | 23.0 0 56.625 | 34.5 0 v z DIAPHRAGM
B 1
Int. Diaphragm B2-B3 | 56.625 | 11.5 0 56.625 | 23.0 0 ped T o L,x GIRDER YP)
Int. Diaphragm B3-B4 | 56.625 0 0 56.625 | 11.5 0 (TYP.)
Coordinates for girder and intermediate diaphragm ends. Girder and intermediate diaphragm location.
Q 0% .,
US. Department of Transportation © RESOURCE CENTER 22

Federal Highway Administration o o o

22
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Section Property Value
Cross-section Area (A) (ft%) 3.194
Strong Axis Moment of Inertia (Iyy) (ft¥) 3912
Weak Axis Moment of Inertia (Iz) (ft*) 0.185 .
Torsion Constant (Jx) (ft¥) 0.638
Shear Area in y direction (Aw) (ft°) 2.662
Shear Area in z direction (Avz) (ft°) 2.662
Offset in z direction (Rz) () -0.635 \

Intermediate diaphragm section properties.

2D Plate and Eccentric Beam Analysis
Step 1b — Define Girder and Intermediate Diaphragm Cross-Sections

’{ Intermediate Diaphragm

i

Iustration. Diaphragm eccentricity

e o

US. Deparfment of Transportation (?gg?oﬁ&‘émmﬁ 23
Federal Highway Administration 0g0
23
° °
2D Plate and Eccentric Beam Analysis
Step 1c — Define Material Properties for Girders and Intermediate
Diaphragms
- - Intermediate Diaphragm
. B Girder Concrete | Int. Diaphragm Concrete
Material Property (8 ksi) (3.5 ksi) l
Modulus of Elasticity (ksf) 765,216 490,307 f $
Poisson’s Ratio 0.2 0.2 f
Unit Weight (k/ft) 0.153 0.150
Thermal Expansion
Coefficient (f/ft/°F) 6.0E-0 0-0E-6
Concrete material properties.
e 0%
US. Department of Transportation © RESOURCE CENTER 24

Federal Highway Administration o o o

24
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2D Plate and Eccentric Beam Analysis

Step 1d — Define Support Conditions
«  Simply supported

* One support of each girder is restrained vertically and transversely, other end
is restrained vertically, transversely, and longitudinally

Step 1e — Define Non-Composite Loads
« self-weight (SIP forms, haunches, and deck slab)

Step 1f — Define Load Cases- Non-composite Load can be combined into one
load case

e o

o~o e
US. Department of Transportation © RESOURCE CENTER 25
Federal Highway Administration 0g0
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2D Plate and Eccentric Beam Analysis

Step 1g — Ensure Correct Attributes Are Assigned to Components

Girders

* Beam elements

*  Geometric cross-section

«  Concrete material properties, f'c = 8 ksi in this example

+  Dead loads (including self-weight, SIP forms, haunches, and deck slab)

Intermediate diaphragms

*  Beam elements

*  Geometric cross-section

«  Concrete material properties, f'c = 3.5 ksi in this example
*  Dead load (self-weight)

Step 1h — Run Analysis and Verify Results Q
o

US. Department of Transportation C? RESOUT&"EEN"TTR 26

Federal Highway Administration 0g0

26

4/4/2022

13



Question #2 (Lo5S27Q2)

What are the methods to model a
Composite Section? Select all that apply

A. Deck and girders can be modeled in a
single plane, with the offsets providing
the geometrical eccentricity

B. Rigid Body (links) Transformation are
also effective when the offsets need to
be modeled explicitly

C. All of the above

reference plane at
girder centroid

e o

o~o e
US. Department of Transportation © RESOURCE CENTER 27
Federal Highway Administration 0g0
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Question #2

What are the methods to model a Composite
Section? Select all that apply

A. Deck and girders can be modeled in a
single plane, with the offsets providing the
geometrical eccentricity

B. Rigid Body (links) Transformation are also
effective when the offsets need to be
modeled explicitly

C. All of the above

>

reference plane at
girder centroid

Answer: C
[Nl P—
US Department of Tonsportation o RESOURCE CENTER 28
Federal Highway Administration 050
28
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Start

Comp

= (1)

Abut. 1 Diaphragm BE1-B2

Abut. 1 Diaphragm B2-B3

Abut. |

Abut. 1 Diaphragm B3-B4

|
il
Wi

§
g
E
b
:

3
Int Dhaphrazm B2-B3

Llll

Pier |

Eli=lisi=li=]

= (1 | = 1 b2
L |-1jea |-

1 |1 |3 |1

I8
]
-l

Span 2
0
]

Int. Diaphragm B5-B6

Int. Dhaphrazgm B6-B7

Int. D, B7-B8

P2 D B1-B2

2D Plate and Eccentric Beam Analysis

Step 2 — Create Composite Dead Load Model
Step 2a — Define Girder, Diaphraam, and Concrete Deck Slab Location

Table 20. Coordinates for girder and diaphragm ends.

reference plane at
girder centroid

P2 D B2-B3

Pier 2

P2 D B3-B4

Corner x (ft) v (ft) z (ft)

Upper, Left 0 43.375 0

0|4 io]io | [iofio[i o |% o & oo | o

s (1 o 1 [ o f 13

L |-1|6a |ua |- foa fua -3 oo

Upper. Right | 343.75 43.375

Span 3
[
s

Int D+ EB9-EI10

I_nLrDuzphra B10-B11

Int D1 B11-B12

0
Lower, Right | 343.75 0 0
Lower, Left 0 0 0

Abut. 2 Diaphragm E1-B2

[=li=ll=li=ll=1 (==} (=}{=](=]{<]

Abut. 2 Diaphragm B2-B3

Abut.2

e e e S C I S S S R B EI S S S EE Bl E S E R =

Abut. 2 Diaphragm B3-B4

29

Coordinates of concrete deck slab corners

29

thickness

Deck thickness= 8", Eccentricity= 3.406’

Section Property Pier Abutment

Cross-section Area (A) (ft%) 17.98 26.00
Strong Axis Moment of Inertia (Iyy) (ft¥) 77.49 01.54
Weak Axis Moment of Inertia (Iz2) (ft*) 9.36 34.67
Torsion Constant (Jx) (ft*) 29.26 85.55

Shear Area in y direction (Avw) (ft) 14.98 21.67
Shear Area in z direction (Aw) (ft°) 14.98 21.67
Offset in z direction (Rz) (ft) 0.625 0.281

Pier and abutment diaphragm section properties.

2D Plate and Eccentric Beam Analysis
Step 2b — Define Diaphragm cross- sections and concrete deck slab

reference plane at
girder centroid

Q o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER 30
Federal Highway Administration o o o

30
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2D Plate and Eccentric Beam Analysis
Step 2c — Define Material Properties for the Concrete Deck Slab

Material Property Deck SlLab Cl‘oncrete (4 ksi)
Modulus of Elasticity (ksf) 524,757
Poisson’s Ratio 0.2
Unit Weight (k/ft%) 0.159
Thermal Expansion
Coefficient (ft/°F) 6.0E-6

Concrete material properties

reference plane at
girder centroid

e o

o~o e
US. Department of Transportation © RESOURCE CENTER 31
Federal Highway Administration 0g0
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2D Plate and Eccentric Beam Analysis
Step 2d — Define Support Conditions

. Intermediate Diaphragm
. Abutments and Pier 1 restrain vertical and .
transverse directions Beam Elgments )
. Pier 2, restrained vertically, transversely, and *  Geometric cros§-sect|on ) )
longitudinally *  Concrete material properties, f'c =3.5ksi
Step 2e — Define Dead Loads Applied to «  Pier Diaphragms
Composite Structure . Beam Elements
. FWS and Barriers (Already defined) «  Geometric cross-section
Step 2f — Define Load Cases «  Concrete material properties, f'c =3.5 ksi
. Sgrpr?er;ra;ﬁjlg";\d cases for FWS (DW) and . Concrete Deck Slab
Step 2g — Ensure Correct Attributes Are © Thickshell elements
Assigned to Components . Geometric cross-section
. Girders +  Concrete material properties, f'c=4 ksi
* Beam Elements Step 2h — Run Analysis and Verify Results using
*  Geometric cross-section Simplified Methods

+  Concrete material properties, f'c =8ksi

Q o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER 32
° Federal Highway Administration 050

32
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2D Plate and Eccentric Beam Analysis
Step 3 — Create Live Load Model

Step 3a — Determine Optimized Live Load

Step 3b — Run Analysis and Verify Results using Simplified
Methods

Step 4 — Combine Analysis Results

090

[—
e © RESOURCE CENTER 33
Federal Highway Administration 0g0

33

2D Plate and Eccentric Beam Analysis

7000

1 5,0i3p, Haun, Decl]  —@— DC2 +DW (SImply Supported) —8— DC2+DW (Cortinuous)
— 6= Max.Negati

4 Max Positive LLIM x. Negative LLIM

5000

’///H\\ | / \ | / \‘\ Graph. 2D moment diageam and lve load exvelope for nferior irder
= 58 2340 2 2340
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2D Plate and Eccentric Beam Analysis

200
—8—DC1 (Beam, SIP Forms, Diap, Haun, Deck)  —a— DC2+DW [Smply Supported) —&— DC2+DW (Continuous
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Moment (lcft]

7000

2D Plate and Eccentric Beam Analysis

—@— [C1 (3eam, 517 Forms, Diap, Haun,, Deck)
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—&— DC2 +DW (Simply Supported)
O Max. Negative LLHM
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2D Plate and Eccentric Beam Analysis

0.00 ®

Graph, D defletion diageam for exterior girder,

E \\v/ \ /- \\ /
D DC1 DLL ! D DC2
| - D tﬂeam,‘ rms, Diap., K E(Im W — M | e ooo
00 02 04 0.6 LE 10 2.2 14 16 18 20 2 24 26 28 30 US.Depariment of Transportation © RESOURCE CENTER 39
Federal Highway Administration 0g0
39
[ [ ) [ ]
Finite Element Model Analysis
Steps:
1. Create non-composite dead load model
2. Create model for composite dead loads Disphiagm (beam)
3. Create a Model for live load
Top Flange (beam)
4. Combine analysis results BT g
US. Department of Transportation c? ;Eou"i"&?i"ﬁ'rﬁ 40
Federal Highway Administration 0g0
40
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Finite Element Model Analysis

Step 1: Create a model for non-composite
Step 1a — Define Geometry for Girders and Diaphragms

. . |
« Girder web surface elements - thick shells » NN
* Flanges and intermediate diaphragms - Beam elements
Web Elements gi‘:;‘}ﬁzi:‘ibeam) / v \
(surface) 7 4 ‘ \
Top Flange (beam) AN e
Bottom Flange (beam)
Tllustration. Modeling of web depth.
US. Department of Transportation é) ;Sou"”i“&‘&”ﬁ'ﬁ‘; 41
Federal Highway Administration 0g0
41

Finite Element Model Analysis

Step 1b — Define Cross-Section Properties

Section Property

Top_Flaiuze

Bottom Flange

Cross-section Area (A) (ft°) 1.736 1.813
Strong Axis Moment of Inertia (Iyy) (ft) 0.075 0.230
Weak Axis Moment of Inertia (Iz) (ft*) 1.848 0.976

Torsion Constant (Jxx) (ft*) 0.139 0.195

Shear Area in y direction (Aw) (ft%) 0.084 0.039
Shear Area in z direction (Avz) (ft%) 1.544 1.615
Offset in z direction (Rz) (ft) 0.323 -0.568

Girder flange section properties.

a@ERE]

Girder flanges for 3D FEA model.

e o

Lo Il ——
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Finite Element Model Analysis

Step 1c — Define Material Properties

o R Girder Concrete Int. Diaphragm
Material Property (8 ksi) Concrete (3.5 ksi1)
Modulus of Elasticity (ksf) 765.216 490,307
Poisson’s Ratio 0.2 0.2
Unit Weight (k/ft) 0.153 0.150
Thermal Expansion
Coefficient (ft/ft/°F) 6.0E-6 0.0E-6

Concrete material properties

e 0%
U Department of Transportation © RESOURCE CENTER 43
Federal Highway Administration 0g0
43
Finite Element Model Analysis
Step 1d — Define Support Conditions
«  Simply supported
*  One support of each girder is restrained
vertically and transversely, other end is
restrained vertically, transversely, and
longitudinally
Step 1e — Define Non-Composite Loads
« Self-weight & non composite dead
loads(SIP forms, haunches, and deck
slab)
Step 1f — Define Load Cases- Combined
into single load case
Step 1g — Ensure Correct Attributes Are
Assigned to Components (L oo
::;?Lm::ﬂﬁ::::::m % Z:%ounc:cmrsn 44
44
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Finite Element Model Analysis

Girders Intermediate Diaphragms
Web Thick beam elements
[] Thick Shell surface elements Geometric cross-section

1 Geometric surface cross-section Concrete material
'] Concrete material properties, f'c = 8 ksi properties fc = 3.5 k,s'

. . Body force acceleration
"1 Body force acceleration (gravity) .

(gravity)

Flanges
"1 Thick beam elements
1 Flange cross-sections Step 1h — Run Analysis and
[ Concrete material properties, fc = 8 ksi  Verify Results
"1 Body force acceleration (gravity)

1 Other non-composite loads (to top
flange only) e 0

US. Deparimentof Tansporiation 3 ) u:?ou“i“&’é’:"ﬁ'ﬁ"ﬁ 45
Federal Highway Administration 0g0
45
Finite Element Model Analysis
Step 2 — Create Composite Dead Load Model
Step 2a — Define Girder, Diaphragm, and Concrete Deck Slab
'.'! : . : : . -‘.a 115.4-25;=4-5:.?' . : : . . ‘ :! :10.;25': :!:! . . ‘ :' . . ' :Sﬁ:.f:li.4;i'=;?.12;' . . .' :' ! . . ;I
Surface definitions for Span 1 of composite model.
[
46

Coordinates of concrete deck slab corners

46
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Finite Element Model Analysis

Step 2b — Define Cross-Sections for Girders, Diaphragms, and Concrete
Deck Slab

Section Property Abutment | Intermediate Pier

Cross-section Area (A) (ft%) 26.00 3.19 17.98
Strong Axis Moment of Inertia (Iyy) (ft*) 91.54 3.91 77.49
Weak Axis Moment of Inertia (L) (ft*) 34.67 0.19 9.36

Torsion Constant (Jxx) (ft%) 85.55 0.64 29.26
Shear Area in vy direction (Aw) (ft?) 21.67 2.66 14.98
Shear Area in z direction (Avz) (ftY) 21.67 2.66 14.98
Offset in z direction (R2) (fi) 2.77 231 3.14

Abutment, intermediate, and pier diaphragm section properties

[

Coordinates of concrete deck slab corners

47

47

Finite Element Model Analysis

Step 2c — Define Material Properties for Girders, Diaphragms, and Deck
Slabs

Material Property Slab Concrete (4 ksi)
Modulus of Elasticity (ksf) 524,757
Poisson’s Ratio 0.2
Unit Weight (k/ft) 0.159
Thermal Expansion
Coefficient (ft/ft/°F) 6.0E-6

. Concrete material properties.

[

Coordinates of concrete deck slab corners

48

48
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Finite Element Model Analysis

Step 2d — Define Support Conditions Girders

. Simply supported made continuous Web

. One support of each girder is restrained vertipaIIP/ L' Thick Shell surface elements
and transversely, other end is restrained vertically, [ Geometric surface cross-section

t ly, and longitudinall : : .
ransversely, and fongitudinatly 1 Concrete material properties, fc = 8 ksi

Step 2e — Define Loads Applied to Composite Structure  Flanges

. FWS [1 Thick beam elements
1 Flange cross-sections properties
Step 2f — Define applied loads for composite structure - Concrete material properties, f'c = 8 ksi
Step 2g — Ensure Correct Attributes Are Assigned to
Components

e o

oo —
US. Department of Transportation © RESOURCE CENTER 49
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Finite Element Model Analysis

Abutment intermediate and pier diaphragm

» Geometric cross-section properties

* Thick beam elements

« Concrete material properties, in this example, f'c = 3.5 ksi

Concrete Deck Slab Thick shell surface elements

» Geometric surface cross-section

» Concrete material properties, in this example, f'c = 4 ksi
* FWS and barrier loading

. Step 1h — Run Analysis and Verify Results

e o

Lo Il ——
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Finite Element Model Analysis
Step 3 — Create Composite Live Load Model
Step 3a — Determine Optimized Live Load
Step 3b — Run Analysis and Verify Results using Simplified Methods
Step 4 — Combine Analysis Results

- o
Lo gl e P ——
US. Deparfment of Transportation © RESOURCE CENTER 51
Federal Highway Administration 0g0
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Finite Element Model Analysis

c  ——DC2+DW (Simply Supported| ) —8— DC2 + DW (Continuous) |

7000

oc1 (i
Max P

—&—oc1 (8
-

CL Pier1— . Pier 2—p, CL BRG. Abutment2 —#

M+ LL

+—CL BRG. Al
6000

5000

Graph. 3D moment diagram and live load envelope for interior girder.

Moment (k-ft)

e o

Lo Il ——
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Finite Element Model Analysis

—=— DC2 +DW (Contnuous

‘—e— DC2 + DW (Simply Suppor ted)
— - Max Negative LL+IM

—=— DC1(Beam, SIP Forms, Dap., Haun, Deck)
— - Max Posttive LL+HIM

Q. BRG_Abutment 2—#-

CL Pieri—p a pier2—»

«—CL BRG.Abutment 1

153.58

VvV DC2 V\+ LL

112584

3D shear diagram an v oad envelop for iteor gider,

%

s i
e 0%
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[ d [ d [d
Finite Element Model Analysis
H 3D deflection diagram for interior girder.

263

26 263
le— CL BRG. Abutment 1 L pier1—»! CLPier2 —p CL BRG. Abutment 2 —pf

—8— DC1 (Beam, SIP Forms, Diap., Haun., Deck) —&— D2 (Parapet+ FWS) — &= Max.Positive LL +IM

04 06 08 1 12 14 16 18 2 22 24 26 28

e %6

o ot g e e,
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Finite Element Model Analys1s

7000
—®— DC1 (Beam, SIPForms, Diap, Haun, Deck)  —@— DC2 +DW (Simply Supported) —&— DC2 + DW (Continuous)
— & Max.Positive LM —0- Max. Negative LLHM
[4—CL BRG. Abutment 1 CL Pier 1—p CL Pier2—p CL BRG. Abutment2 —
000
M+ DC1 M+ DC2
: \ M+ LL
| \
5000 \ i |
\  as86 | 4286 4486
|

4000 +

3000 T
% 2000 1
H
£
1000
0
-1000 +
-2000
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Finite El t Model Analysi
200

Shear (k)

-200

—e— DC2+DW (Simply Supported)
— 0= Max Negative LL+IM

—8— OC1 (Beam, SIP Forms, Diap., Haun,, Deck)

—8— 0C2+DW (Continuous)
— & Max. Positive LL#IM

|¢—cL BRG.Abutment1 CL Pier i a pier2—p @ BRG.Abutment 2—-

US. Department of Transportation
Federal Highway Administration

3D shear diagram and live load envelope for exterior girder.
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Deflection (in)

7 N

«—CL 8RG. Abutment 1 CL Pier 1—p CL Pier2 —p!

CL BRG. Abutment2 —

—8— DC2 (Parapet + FWS)

— & Max Positive LL +IM

—®— DC1 (Beam, SIPForms, Diap. Haun., Deck)

Finite Element Model Analysis

Graph. 3D deflection diagram for exterior girder.
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C i f1D, 2D d 3D
7000
—&— DC11D —&— DC2+DW (Simply Supported) 10 —&— DC2+DW (Continuous) 1D
—— +LL(+IM) 1D —&— -LL(+IM) 10 --48---DC12D0
==-@--- DC2+DW (Simply Supported) 20 =-43-- DC2+DW (Continuous) 20 ---9--- +LL (+IM) 2D
etmen UL (+IM) 2D W - DC13D -~ - DC2+DW (Simply Supported) 3D
6000 B - DC2+DW (Continuous) 3D ~ e +1L(+IM) 3D — o —LL(+IM)3D
| - . . - .
[ e sementd it ez ¢ e foument? =¥ Comparison of moments for interior P/S concrete girder.
5000 + 1 -
M+ DC1-1D,2D,37 M+ DC2-1D,2D,3D M+ LL-10Q.2D.3D
p 1D Non-Composite DL Moment = 3D Non-

Moment (k-ft)

Composite DL are close (within 2%). Also for 2D

1D Composite DL Moment > 3D Composite
moment (5-25%). Same for 2D

1D LL Moment > 3D LL Moment ( 10-40 %), Also
for 2D (20-50%)

2D Non-Composite DL Moment, Composite DL
Moment, and LL Moment = 3D Non-
Composite DL, Composite DL, and LL
Moments are close (within 2-10%)

1D model provides conservative results as
compared to 2D or 3D

e o

[ e —
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1 f d

Comparison of 1D, 2D, and 3D
B e e R e s s Comparison of shears for interior P/S concrete girder.

e HLHIM) 2D o= -LU(+IM) 2D --m - DC130 ! - 8-~ DC24DW (Simply Supported) 30
B bt e st e
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4 vpct-iDzosp | VDC21D.2D.3D : are close (within 2%). Also for 2D
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100

-150

-200 +

/ 1D Composite DL Moment > 3D Composite moment (0-

50%). For 2D (60- 75%) larger at supports

1D LL Moment > 3D LL Moment ( inconsistent)

2D Non-Composite DL Moment, Composite DL
Moment, and LL Moment = 3D Non-Composite DL,
Composite DL, and LL Moments are close (within 1-
10%)

1D model provides conservative results as compared

i -y \D\ *  to2Dor3D
V- LL-1D,2D,3D\ V DC2 -1D,2D,3| \
%

#—CL BRG. Abutment 1 CL Pier 1— €L Pier2 —t CL BRG. Abutment 2=

[

1 |
0.2 04 06 08 1 1.2 14 16 18 2 22 24 26 28 3 e
o

[ e —
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Comparison of 1D, 2D, and 3D

—4— 1DStrength |Max —&— 1D Strength | Min ---#--- 2D Strength | Max =-9--- 2D Strength IMin - #. - 3D Strength | Max - & - 3DStrength I Min,

Shear (k)

CL Pier 1 =

«— CL BRG. Abutment 1

600 -
0 0.2 04 06 08 1 12 14 16 18 2 22 24 26 28 3 e
o

oo —
US. Department of Transportation © RESOURCE CENTER 61
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Comparison of factored shears for interior P/S concrete girder.

61

Deflection (in)

Comparison of 1D, 2D, and 3D

.. Mg 7 |
N —A T <9 z 7 I
Sy / i i

Comparison of deflections for interior P/S comerete givder,

/ 1D Non-Composite DL deflection = 3D Non-Composite DL
| are close (within 2%). Also for 2D (4%)

1D Composite DL deflection > 3D Composite deflection
(20-22%). For 2D (15-17%)

N AN UL N AN W
/ 1 "-.\ \ 4 ‘ \ 1D LL deflection> 3D LL deflection ( 10%). For 2D (12-
200 '..‘ 7 i .". V4 i l-\. 14%)
WERY Y.
3 ! A . A
250 k : DY A i _/
N~ i N i N
|
-3.00 : \ :
framemy \a pir 1ot c \p.e.z_.: L on. Abutmenc2—»
.| DbDC1-D2D3D' | DLLIB2D3DT 4 ppco-1p,2D,3D
--4-- DC120 ~=&k-- DC2+DW 20 =-<4--=LL(+IM) 20 i
g lmova oo ocwown e -uemin :
00 0.2 04 06 08 10 12 14 1.6 18 2.0 22 24 26 28 30 e
o
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M+ DG1-1D,2D,3 S

Moment (k-ft)

Comparison of 1D, 2D, and 3D

—=—0DC110 —e— DC2+DW (Simply Supported) 10 —&— DC2+DW (Continuous) 1D

—&— +LL(+IM) 10 —o— -LL(+IM) 1D --#--DC120

£ - DC2+DW (Continuous) 3D H @ - 4L (+IM) 3D H & - -LL(+IM)3D

1D Non-Composite DL Moment < 3D Non-
Composite DL are close (3-5 %). Also for 2D

3000 + t
z‘i ! AT 1D Composite DL Moment < 3D Composite
& RS i & Y & Y moment (5-20%). Same for 2D (15-20%)
2000 e 5 e S ,‘ v
) j \ . 1D LL Moment > 3D LL Moment ( 10-40 %),
w000 — "-‘ ; g — "*‘ / T Also for 2D (20—50%%)

2D Non-Composite DL Moment, Composite DL
Moment, and LL Moment = 3D Non-Composite DL,

: -._‘ Composite DL, and LL Moments are close (within 2-
& : M DC2—1D,2D,3D 10%)
-2000

o
|
|
W
6
1

M- LL-1D,2D,3D 1D model provides conservative results as
3000 [ CL BRG. Abument 1 CL Pier 1—q CL Pier z—; CL BRG. Abutment2 —, compared to 2D or 3D
0 0.2 04 06 08 1 i3 14 16 18 2 22 24 26 28 3 e
o

) oo —
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| e e e | Grgh Comparison o momens oo P conrte e,

63
Comparison of 1D, 2D, and 3D

Moment (k-ft)

«—CL BRG. Abutment ct pier 1—» ct pier 2—» | CL BRG. Abutment2 —»
1 |

. Comparison of factored moments for exterior P/S concrete girder

e 00
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Comparison of 1D, 2D, and 3D

250
—&— DC110 —=*— 0C2+ DW(Simply Supported) 10 —&— DC2+DW (Continuous) 10 —— +lL(+IM) 10 - . . - . . .
—t— -LL(+IM) 1D w=d=-= DC120 ==@e== DC2+DW (Simply Supported) 2D ==«@-== DC2+DW (Continuous) 20 Cﬂlnpﬂl 1so0n Of Sheal 5 fﬂl EXtel 101 PI’S concr ete gll (lel
—--8--- 4LL(+M) 20 <mte== UL(+M) 20 -.m -DC13D - ® - DC2+DW (Simply Supported) 30 |
200 | -8 - BC2+DW (Continuous) ) 30 4~ +LL(+IM) 3D & - LL{IM) 30 B :
i ‘ 1D Non-Composite DL Moment < 3D Non-Composite DL
\ DC1-1D,2D,3D , vV DC2-1D,2D,3D ; V+ LL-1D,2D,3D

/ are close (within 5%). Also for 2D

1D Composite DL Moment < 3D Composite moment (20-
30%). 2D (60- 75%) larger at supports

1D LL Moment > 3D LL Moment ( inconsistent). >2D
(35%) at supports

Shear (k)

2D Non-Composite DL Moment, Composite DL
Moment, and LL Moment < 3D Non-Composite DL,
Composite DL, and LL Moments are close (within 0-

— - R 10%)
2 Ne. 1D model provides conservative results as compared
- 3 = —* to2Dor3D
Vv DC2- 1D,2D,3D \
-150 X ‘.
| |

#—CL BRG. Abutment 1 CL Pier 1—» L Pier2 —# CL BRG. Abutment 2= e
200 I + o%0
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Comparison of 1D, 2D, and 3D

—— 1DStrength | Max —&— 1DStrength IMin =-4=== 2D Strength |Max ===9=+= 2D Strength | Min

# - 3DStrength |Max - & - 3DStrength I Min

600

i Compariso of actred shears or exteior P/S concrete gider
g AnF
= <— CL BRG, A.buln\enn . CL Pier 1 —>: ‘ CL pier2—> CL BRG, Abutment 2 =) e oo
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Deflection (in)

Comparison of 1D, 2D, and 3D

0.00
\ AN \ b
\ D 7 S N ,,,/
L 0 /] \ 5
I
3 [ i\ i DC2-1D,2D,30]
100 ¢ %1 ; — § ‘5, =10,20), [
"\ / | }DLL-1D,2D,3D] | f
g 1 I 1 I
Y fooroy /i ) f
for o\ i 3 4
200 | i i i/ /
N N .
/i W\ \ /i
"-.\h i ! ‘ 7 "\V A
R i 574
D DC1-1D,2D,3D i i
3.00 +
—&— DC110 —&— DC2+DW 10 —+— LL(+IM) 10
~-4-- DC120 ==@--- DC2+DW 20 ~=4--- L (+IM) 20
S5 L DC2+DW 3D 0 L%(HV{) = ) v .
0 0.2 0.4 0.6 08 1 1.2 14 16 18 2 22 24 26 28

Comparison of deflections for exterior P/S concrete girder.

1D Non-Composite DL deflection < 3D Non-Composite DL
are close (within 3%). Also < 2D (6%)

1D Composite DL deflection > 3D Composite deflection
(10%). Also < 2D (7-10%)

1D LL deflection< 3D LL deflection ( 5%). For 2D are equal

2D Non-Composite DL deflection> 3D Non-Composite DL
deflection (3%)

2D Composite DL deflection> 3D Composite DL deflection
(3%)

2D LL deflection< 3D LL (5%)

e o

oo —
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67
Conclusion
1. 1D line Girder Analysis is adequate for standard straight multi-girder
bridges (bread and butter bridges). No lateral analysis
2. 2D Plate and Eccentric Beam (PEB) Analysis is more accurate for
skewed and curved bridges. Lateral analysis.
3. Perform 3D Finite Element Analysis to determine web, flanges,
diaphragm, and connections behavior and stresses.
e 0%0o
e
68
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Learning Outcome

1. Perform 1D line Girder Analysis of three span bridge

2. Perform 2D Plate and Eccentric Beam (PEB) Analysis of three span
bridge

3. Perform 3D Finite Element Analysis of 3 span bridge

4. Compare results from the three model analysis

[ .
U3, Department of Transportation é) “SOU"“.“EE‘E‘{W 69
Federal Highway Administration 0g0
69
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Next:
Lesson 6: Verification
and Validation of Results
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Lesson 6 — Verification
and Validation of Results

Learning Outcomes

By the end of this lesson, you should be able to:

» Describe the difference between model verification and
validation

» Discuss software verification methods

* Discuss design model verification methods

* Troubleshoot typical modeling problems

* Verify the results of a FEA model thru illustrative examples

e o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Verification vs. Validation

« Verification — Ensures that the model is behaving as intended
and giving results that are expected
+ Software Verification — software is appropriate for wider use
by the agency or design office

« Design Model Verification — results from a designer’s model
can be used to verify capacity

« Validation — Confirming that the model is behaving the same
as an actual structure

e o

US. Deparfment of Transportation oo “SOU"’".“&?W
Federal Highway Administration 0g0

Software Verification Methods

* As part of QA/QC procedures, need to check results of
analysis

* Can be challenging for more complex analyses

« Several different options

«  “Sanity check”

* Sensitivity study

Q o
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Software Verification Methods

* Input check
« Data
* Assumptions

*  Output check

«  Compare to hand calculations

«  Compare to published results for similar structure

« Separate analysis with different methods —
simpler/approximate

« Separate analysis with different methods — similar
complexity

Q .

US. Department of Transportation oo uggou“i“e’i?fﬁ'ﬁ‘;
Federal Highway Administration 0g0

Software Verification Methods

Method used dependent on several factors

«  Complexity of the behavior being modeled
« Similarity to other structures

* Unusual features of the design

« Complexity of the model

* Checks need to encompass full span of analysis
« Ultimately the design quantities are what matters

» Deflection check does not ensure bending moments are
correct

Q o
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Software Verification Methods

« Compared to published data/tables
* AISC Moment, Shears, and Reactions for Continuous
Highway Bridges
* Hellmut Homberg charts (Influence surface)
* Roark’s Formulas for Stress and Strain
* AISC Steel Construction Manual
* NSBA LRFD Simon 55
* Euler buckling

e o

US. Department of Transportation oo uggou“i“e’i?fﬁ'ﬁ‘;
Federal Highway Administration 0g0

Design Model Verification Methods

* General Checks of the Model
* Do the total reactions equal the load applied?
* Are the reactions in the directions expected?
* Are the reactions distributed as expected?
 Is the displaced shape continuous?
* Are the magnitudes of the displacements reasonable?

* |s everything that should be connected together moving
together?

Q o
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Design Model Verification Methods

» Verifications of a Complex Model
« Start with a simplified model, check the results with
published or hand calculated data
* Add complexity, check results

« Example: reduce model to a simply supported beam, check
moments, deflections, reactions

e o
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Federal Highway Administration 0g0

Design Model Verification Methods

* Approximate methods

* Alarge variety of methods have been developed in the past
to save effort

« Elastic center method for frames

Column analogy for frames

Three-moments equation

Portal frame method

V-Load method for curved bridges

NSBA Steel Bridge Design Manual, Chapter 8 (2/22)

« Comparing models built in other packages —
e.g. vehicles modeller
e o
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Example 1— Strut & tie analysis of pier cap

L 466" | 50"
[ L
—_ = —1 F—% = F—1 s .
3
in
—— < =
5 ~~ e it
ID h -
h ) 156"
. A
‘cg 15'-6
in
: L |
]
f | 230" }

12'-0"
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Example 2— Modeling errors ramification

Far abutment vertical reactions for fixed vs
free rotational DOT about x-axis

FAR ABUTMENT (FA) SUPPORT REACTIONS

“GRID” CORRECT DESIGNER’S “GRID” INCORRECT SUPPORT
GIRDER NO. SUPPORT INCORRECT CONDITIONS USING DESIGNER’S
CONDITION REACTIONS ASSUMPTIONS
(VERTICAL - k) (VERTICAL - k) (VERTICAL —k) [ (MOMENT X k-ft)
1 66.68 223.61 223.24 811.24
2 64.36 47.07 47.14 1231.35
3 64.93 86.29 85.49 1229.66
4 66.62 117.94 117.94 1237.95
5 69.46 -81.63 -81.51 813.37
DEAD LOAD MOMENTS - GIRDER NO. |
"""" STRESS: CORRECT VALLES
e 0%
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
13

Validating Models of Existing Bridges

« Compare initial results to original designers’ calculations.

* May require use of gap & one way elements to account for
wear and tear such as pin wear.

* Investigate how the original structure was erected such that
dead load analysis assumptions are correct.

« Compare analytically-obtained solutions to field-estimated data
or measurements such as displacement, force, mode shapes,
strain, etc.

e 0%0o
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Example 3 — Field validation of an arch truss

4

Isometric view of three-dimensional finite element model

eacuaTe| TALCOL £
hooe| raeq ) wove] raeg [wone] razg

0.37| , lo.:8] 7 ~ 0.2 , lo.273
Ve | V| Y e

0.654| , [0.679 0.558| , [0.566
2 (0,854 2 |0.87 w//‘__R\v 2 [058] 2 |O)

. 684 0.953 1.012 1.023
3[04 s |o.0 S Bl w3 W

1.165| , [1.250 .

Ll i K o @@ 8l |4 W 7

1.276| ¢ [1.165 v 1,488/ ¢ |1.550 W
sl ||| o~ e~ [P

Comparison of field-measured vs. calculated frequencies e o
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Polling Question 1 (L6S17Q1): @
As the analysis capabilities of a software increase, the
need for independent verification decreases.
a) True
b) False
e 0%0o
e
16
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Polling Question 2 (LL6S18Q2):

Design model verification is to confirm that the model is
behaving the same as an actual structure.

a) True
b) False
e 0%
e
17
Polling Question 3 (1LL6S19Q3):

For performing design model verifications, which of the
following checks should be done?

a) Do the total reactions equal the load applied?
b) Are the reactions in the directions expected?
c) Is the displaced shape continuous?

d)

Is everything that should be connected together moving
together?

e) All of the above

e o
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Learning Outcome Review

+ Describe the difference between model verification and
validation

» Discuss software verification methods

» Discuss design model verification methods

« Troubleshoot typical modeling problems

* Verify the results of a FEA model thru illustrative examples

[ .
US. Department of Transportation (? n!?ou“i“é’i’é':"m
Federal Highway Administration 0g0
19
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Next: .
Lesson 7 Analysis to
Design
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Lesson 7 - Analysis to
Design

Learning Outcomes

By the end of this lesson, you should be able to:
* Explain the pitfalls of using FEA model results in design

* Process FEA results into design demand forces by integrating
stresses

« Evaluate construction interface demand forces by FEA

* Perform cross-frame modeling & design

« Describe segmental bridge analysis and design

« Calculate slab equivalent width considering shear lag effect

e o
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LRFD Design
« Strength Limit State

* Individual member design in the form of factored M,V,and P (i.e. force

level)

« Service and Fatigue Limit States
* Normally, check shear & normal stresses independently
« Except checking principal stress for the web of segmental concrete
bridges (AASHTO 5.9.2.3.3)
« Typical FEA model output
* Typically the output of FEA is in the form of stress at nodes &
Gaussian points, or any point if [B] at the point is defined.
* Need convert from stress level to force level for design

e o

US. Department of Transportation oo “SOU"’".“E’E?‘E"ﬁ'ﬁ‘;
Federal Highway Administration 0g0

Model Post-Processing
(FHWA Manual 8.2.1)

* Integrating stresses to determine member demand forces

* FE software provides stress values at nodal and Gaussian
points

Neutral Axis

Integrate Stresses i Y Moment
and Sum about
Neutral Axis

e o
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Example - Deck Shell Element

* Demand axial load (P) :
* [o,dA=P

*  Demand moment (M):
© JopyzdA=M

c [t,dA=V

+ Some FEA software have
integrating stresses utility to
provide M,V,and P for

design

Demand shear force (V):

Plate (shell) element

X

R

T, »[1,dA=V
Obx = [0y 2dA =M

Oy »[0g,dA =P

]

) oo —
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0

Example — Find the construction

_ ,'Ln"tyérfacé;‘ji ~17/

/Y
[

=L\
A

B3 sasViewsslicettt | o | @) 8|

EH & (& = &

Slice 1 SLICE PROPER
Total Slice Area
boc about slice x axig 4

lyy about slice y axis ~ 3.434

Ixy about origin 0.000

Global X of centroid 0.3B02E-13 |F
Global Y of centroid 14.94

Global Z of centroid 36.48
Principal I1 at centroid ~ 66.30
Principal I2 at centroid  3.434
Principal Angle (degrees]  90.00

s

b r
1] 4)F)PD\ Modelinfo )y 3:Combination 1_DL

R

[ LUSAS View: slice 2.6¢ [oli® ks
H & (& w
Slice 1 SLICE ANALYSIS RESULTS

Results File = DALUSAS_Models\FIUAs:
Loadcase =

3
Fx on slice 0.3946E05
Fy on slice 456.8
Fz on slice 47.60

Msx about slice x uxla 147.6
Myy about slice y axis  0.3536E-05
Mzz about slice z axis ~ 0.7757E-05

« T | "
14 [MIMI, Modelinfo ) 3:Combination 1_DL_S
4

/ .
/ s‘

¥ X
interface

0

[ —
US. Department of Transportation © RESOURCE CENTER
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Concrete Girder Analysis to desig

- Concrete girders — using PEB 2-D model }

1

*  Non-composite DL1:
*  Demand My, is directly from beam element
+  Composite DL2 (SBC, FWS):

*  Demand My, is obtained by summing the moments about the centroid of the
composite section ‘

° MDLZ = My + er ELU‘

T 1
| N Effective flange width
) ——
83 . =
1 i

y=24r
s N
——
€6 of stand group

T@:jnxdn
e

o
US. Department of Transportation oo uggou“i“e’i?fﬁ'ﬁ‘;
Federal Highway Administration 0g0

Concrete Girder Analysis to design

* Concrete girders — using PEB 2-D model
+  Composite LL:

*  Demand My, is obtained by summing the moments about the centroid of the
composite section

. MLL = My + er :ﬂ‘L Effective Flange Widih i f
= D) ‘ Tﬂ: oda

Q o
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Concrete Girder Analysis to design

* Concrete girders — using 3D
FEA model [

* Non-composite DL1:

*  Demand Mp,, is from
integration stress at web plus
moment due to flange beam
elements

beam element

o
O
S

_ shell element

1| beam element
Fen= | 0a

Mpry = (Mpe+Fpe X epe) + ((Mbb+be X ebb)
+Fyq X ey + Fyp X ey,
+Fy3 X ey + Fya X ey,

P=YF =0

e o

US. Department of Transportation oo “SOU"’".“E’E?‘E"ﬁ'ﬁ‘;
Federal Highway Administration 0g0

9
[ ] [ ] [ ]
Concrete Girder Analysis to design
« Concrete girders — using 3D
F EA mOd el ‘ { slab she_ll element ‘ S ={adi .
«  Composite DL2 (SBC, FWS): O o tomen O ot [owan T
. pemanq Mp;, is from A S B .
integration stress at web + L Je—— "
ﬂange beam M’S + Q shell element O—T — ‘ S
Fea=|ox3dd p 2°Q ©x3 entroid axis
integration stress at slab T beam element
g © “x I'A1:jn,‘,,dlloiﬁ Myy _ lew
Mppz = (Mpe+Fpe X epe) + (Mpp+Fpp X €pp) ‘ ‘ “Fr L
+Fyq Xex; + Fyp X ey,
+Fy3 X ey + Fya X ey,
+E Xe
P=YF, =0
e [Nl P—
Us. Depariment of Tonsporiction © RESOURCE CENTER
Federal Highway Administration O 5 ©
10
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Concrete Girder Analysis to design
* Concrete girders — using 3D

F EA mOdel | slab shell element B =f"xd‘4 F
R . i l—»,,,,, . a%ﬁ Fiye —
Composite LL: — o o=
. beam element Fea= f radA T
+ Demand M;; is from N
integration stress at web + ") e
fl beam M's + o T o "
ange beam S ) shell element O%jf — )=
integration stress at slab oo element e
pd Y Fep= | 0padd () |, _ lew
My, = (Mpe+Fye X epe) + (Mpp+Fyp, X epp) [ 9 - oo #bpbb 1

+Fyq X ey + Fyp X ey,
+Fy3 X ey + Fya X ey,

+F, Xe
P=YF, =0

e o
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Concrete Girder Analysis to design
*  Follow AASHTO LRFD Design:
« SERVICE | & llI:
» Stress (compression & tension) level check (AASHTO 5.9.4.2)
« STRENGTH I:
* Force level check (AASHTO 5.7.3)
© M, =2 My,
° Mu == 125[MDL1] + 1'5MDL2 + 1'75MLL+IM
© My = Apsfs (dp — g) + 0.85f/(b — by,)hs (g — %) (AASHTO 5.7.3,2.2-1)
e 090 e
12
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Steel Girder Analysis to design

«  Demand forces calculation —
* similar to concrete girder with consideration of DL1, DL2, LL, etc.

* Design — follow AASHTO LRFD design specs 6.10.
« SERVICE Il: DL1 + DL2 + 1.3(LL + IM) with IM = 0.33
Stress level check (AASHTO 6.10.4)
- FATIGUE I: 1.75(LL + IM) with IM = 0.15
Stress level check (AASHTO 6.10.5)
« STRENGTH I: 1.25 DL1 + 1.5DL2 + 1.75(LL + IM)

Force level check (AASHTO 6.10.6)
oM, = M,

e o

US. Department of Transportation oo uggou“i“e’i?fﬁ'ﬁ‘;
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Steel Girder Design

« Lateral torsional buckling
(AASHTO 6.10.1)

« girder may buckle globally
when subjected to moments
and/or axial load if the
unsupported length is too
long.

* Intermediate cross frames
provide bracing against
lateral torsional buckling of T
girder during erection and =
concrete deck placement.

Q o
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Steel Girder Design

+ Lateral torsional buckling
(AASHTO 6.10.1)

* Intermediate cross frames are
critical while the girders are in
the non-composite stage
under wind loading.

e o

US. Deparfment of Transportation oo “SOU"’".“&?W
Federal Highway Administration 0g0
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[ [
Steel Girder Design
* Local buckling (AASHTO 6.10.8)
As shown in Figure E.4, When the width-to-thickness ratio of a plate is getting
larger, the plate may buckle locally when subjected to compression load.
Figure E.4 Local Buckling of plates.
US. Deparfment of Transportation c? ;Soﬁ"&?i"ﬁ'rﬁ
Federal Highway Administration 0g0
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Steel Girder Design

* Compact & non-compact sections (AASHTO 6.10.7)

+ Compact section can develop full plastic moment capacity, M,, at
which the whole cross section reaches the yielding stress, o,,.

Ll

£>£ g =4dy

Strain distribution  Stress distribution [
e 090,
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Steel Girder Design

« Compact & non-compact sections (AASHTO 6.10.7)

* A non-compact section can only develop partial yielding stress
distribution along the cross section before compressive flange plate
local buckling occurs.

% /‘ P
s Ey :_7 \ .
Z P
/" &y
S > E [‘.'E:Uy
Strain dlsmbutlml Stress distribution [}
e 0% .,
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Steel Girder Design

« Tension field action (AASHTO
6.10.9)

Two transverse stiffeners can
serve as anchors for the tension
field force developed in the
interior shear panel of the web, i
if web local buckling occurs -
within the panel.

+ Tension field action allows the P, Transversesiffener  Beaing sifener
web developing its post buckling [] — =
capacity without suddenly losing
the shear capacity.

- Tension field action can be asuo b=
. nd panel  Interior panel
imaged as a laterally loaded
cable to prevent large lateral
web displacement.

;’, “do <3D—» compression

e o
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Steel Girder Design

* Fatigue Consideration
(AASHTO 6.6)

« Fatigue crack can form and
propagate from weld
discontinuities or stress
concentration locations if a
girder is subjected to
significantly cyclic live loads.

 AASHTO 6.6.2 requires a
minimum CVN (Charpy V-
notch) toughness test at
specified temperature for the
plate in tension due to tension
force or bending.

e o

Lo Il ——
US. Department of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Cross-Frame Analysis to design

* Recall: Simply cross-frame to a prismatic member
+ Effective moment of initial of prismatic member for bending, I,

Al 1 kip
N 0 H s
' ‘ll \ — . .
3 O A = H;LS P ',..ng.1d link
m=y H—I kip
L N
M = 1xH; 6 = 2222
I ML
b 4E
[

o
US DepartmentotTansportation & RESOURLE 2w

Federal Highway Administration 0g0
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Cross-Frame Analysis to design
* Recall: Simply cross-frame to a prismatic member
« Effective moment of initial of prismatic member for shear, I
1 kip
N lp TN —A
N \ﬁ_l,ﬂ [ —— L§ iRAgld link
p= 12E1 A
L3 PL3
S 12EA
e 0%0o
US. Department of Tansportation o RESOURCE CENTER
Federal Highway Administration 0g0
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Cross-Frame Analysis to design

 Obtain 6;,6;, ;, §; of prismatic member from structural analysis
* Apply 6;,6;,6;,6; to cross frame to get member forces
* Design members per AASHTO

M;,6;

M;, 6; NS /_X ‘/91'—57_7_77”_ _7_/_,_,:” 6\}

- P )

o—— L Vi G -
|

Vi, &; Apply 6;,6;,8;,6;

Obtain 6;, 9}-, 8, é:, to cross frame to get
member forces

from analysis

e o

US. Department of Transportation oo uggou“i“e’i?fﬁ'ﬁ‘;
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Cross-Frame Analysis to design
* Design members per AASHTO 4.5.3
* Check cross-frame member buckling capacity:
If P < B,qx No buckling occurs
If P> P4 buckling occurs
. . . KL n?AE
Elastic buckling (i.e. — > C;): P = (KL]
Inelastic buckling (i.e. % < C.): [KL]
C, = f(ZnZE) Jay, Pow =|1=7 5 |4
e 0%0o
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Segmental Box Girder Analysis to design

* Transverse analysis:

* Use influence surface utility from any FEM software find critical
transverse LL moments (k-ft/ft) in slab, webs, and bottom floor.

‘Transverse
axle spacing
6-0"

gy P3 P3|
14-0"

Longitudinal
spaci

14-0" (Trugk)

-
'y znd:m)m " /ﬂ
Y &

Notes:
1. Wheel loads for truck:
P1= 4 kips

y P2=16 kips
P3=16 kips
2. Wheel loads for tandem:
P1=125 kips

6] P2=12.5 kips

P3=N/A e
o

US. Department of Transportation oo “SOU""’.“E’E‘E‘E‘H"{E‘;
Federal Highway Administration 0g0
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Segmental Box Girder Analysis to design
« Transverse analysis:
» Find critical transverse moments (k-ft/ft) in slab, webs, and bottom
floor.
+ If deck resultant stress is greater than allowable tensile stress, add
transverse tendon(s), increase the thickness of component(s), etc.
« Design web reinforcements from resultant moments of web
« Design transverse reinforcement of deck from resultant moments of
deck
e 0%0o
US. Department of Tansportation o RESOURCE CENTER
Federal Highway Administration 0g0
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Segmental Box Girder Analysis to design

* Longitudinal analysis:

« Use any time-dependent analysis software (for example BD2, RM, CSI, LARSA-4D,
etc.) for the analysis

*  Normally a spine model is sufficient with pre-calculated segment cross-sectional
properties (I, A, J, CG, etc.) and CG of tendons.

« Things considered at each expected segment erection stage during design:

. Time-dependent (creep & shrink) analysis is the function of segment casting dates, time that a
segment is erected. Use AASHTO or CEB-FIP creep & shrinkage model.

. Date that each cantilever tendon added

. Date that each top-span tendon added

. Date that each bottom-span tendon added

. Date that each lock-in force developed (for example: removal of a lifter after closure pour)
. Date of each continuity tendon added after a closure pour

e o
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Typical Stage-by-stage Analysis
G.C. of tendons
:' P s Spine model
{ -— = —— 'f’,.,,‘! |
\JL & ][/
' o G,C‘\chm‘ssﬂsrectlon
&7 J _'“_f" o-0—00
e
Dl
~ y
E2HE T
9] |
e 090 e
US. Deparfment of Transportation © RESOURCE CENTER 28
Federal Highway Administration 0g0
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Typical Stage-by-stage Analysis

e o

0% —
US.Department of Tonsportation ¢ RESOURCE CENTER

Federal Highway Administration 0g0 2
29
° °
Typical Stage-by-stage Analysis
o . =
L pArSTer v MY 00y 2 S e s s s V|
o 0-0-0-0-0-0-0-0—0—0-0-0-0-0-0—0-0-0-0-0-0-00000000
° ?—o—oo-o-a-o-o-o—o-o-o-o—o-o——o—o—o—omo@-oo—o»&o—o—o»o
Closure pour
Consider lock-in force effect
e 090 e
Us. Depariment of Tonsporiction © RESOURCE CENTER 30
Federal Highway Administration 0g0
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Segmental Box Girder Analysis to design

* Longitudinal analysis:
» Consider construction load, wind load at each stage construction

« After stage-by-stage analysis is complete, perform analysis of the
“‘whole” bridge considering temperature(both uniform temp. and temp.
gradient), wind, LL (influence line), and tower/pier settlement.

« Temperature analysis is to find the longitudinal stress due to
temperature change

e 0%
US Department of Tonsportation o RESOURCE CENTER
Federal Highway Administration 0g0
31
Segmental Box Girder Analysis to design
* Longitudinal analysis:
*  Quickly check the ¢(z, t;) at 10,000 days
.. P
3°°J (T,71)
=
,//- ) ‘Ll
/,//-7 1.00
@ 090 e
Facurtthci Adviighcton O
32
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Segmental Box Girder Analy51s to de81gn

*  Web shear stress &
- Due to total torsion M,,,,,,«*L;.,gimﬁalEpaly;i;'
*  Due to total shear force 7
*  Web normal stress

* Due to total bending
*  Due to P/T tendons

e [N P
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration O ©
33
Web Principal Tensile Stress Check at Seerce
Loads Py
After longitudinal analysis is  Longiudial soays
complete: A
*  Combine shear stresses in the web: P
7 =1y + 17 (services | and Ill) ]
¢+  Find longitudinal axial stress in the / pa—
web (o) e
+  From FEM software (or Mohr N
circle), find principal tensile stress i
o -
«  Check g, with allowable principal C’*‘i
stress from codes (AASHTO limits it ,
to 3.5\/f/ psi) T M-
oy ‘ll IT—' o — \\ \\ [}
T Yoy Vo
T=Tr+ 1Ty
ol 0% .,
US. Deparfment of Transportation © RESOURCE CENTER 34
Federal Highway Administration O 5 ©
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Web Principal Tensile Stress Check at Service
Loads

If it does not meet code requirement, increase thickness of
web or add web PT bars

* Repeat analysis, until code requirement is met

G Box symmetrical
| about " " "
i 6-71/2" g 4@5 8 2-0" 8 5@5 8

]l

"

T

1-14" dia. threadbar —/ 1-14" dia. threadbar

1-14" dia. threadbar

90"

1-3/8" dia. threadbar
|

1412
e
T Notes:
Lici @t |10 Stressing end 1. Provide 6-1 1/4" dia. threadbars per segment or
3-1 1/4" dia. threadbars per web for the first two
segments on each side of all piers.

2. Stress each bar to 75% of G.U.T.S.

o
Lo gl e P ——

US. Department of Transportation © RESOURCE CENTER 35
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Design Strength Limit State (I and IV) check
* Transverse flexural moments of deck
« Make sure oM, > Y., v;M;
* Longitudinal flexural moments of deck
« Make sure oM,, > >, v;M;
* Nominal Shear capacity check (1},) at web(s)
« Based on AASHTO 5.7.3.3
* Nominal Torsion capacity check (T;,)
*  Based on AASHTO 5.7.3.6.2; Make sure cross section T,, < ¢T,,
* Check combined Shear & Torsion stress:
«  Based on AASHTO 5.12.5.3:
Vu Ty 7
. (ﬁ) + (ZAobe) < 0.474/f
e 090
US. Department of Tansportation o RESOURCE CENTER
Federal Highway Administration 0g0
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Slab equivalent width considering shear lag

effect
* In CaICUIating deSign Equivalent stress [ 1=0L] =0
capacity (M,,) of composite block
section Bending stress | | i ]
Find t;ending stress distribution —— - ————
distribution from FEA [ e
considering shear lag effect Effective width
* Obtain equivalent width
based on equivalent uniform
stress block
e 0%
US. Deparfment of Transportation © RESOURCE CENTER
Federal Highway Administration 0g0
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Learning Outcomes Review
By the end of this lesson, you should be able to:
* Explain the pitfalls of using FEA model results in design
* Process FEA results into design demand forces by integrating
stresses
« Evaluate construction interface demand forces by FEA
* Perform cross-frame modeling & design
« Describe segmental bridge analysis and design
» Calculate slab equivalent width considering shear lag effect
e 090 e
Fecert gy Acisnaton 096
38
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+ Software demonstration of slicing feature to convert FEA
stresses to design data.

e o
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Next:
Course Evaluation/Wrap-up

40
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5/31/2022
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Course Closeout

Workshop Outcomes

* Describe the applications of refined analysis methods

« Select an appropriate refined analysis method for given
bridge design and analysis scenarios

» Explain general steps and key parameters building a good
FEA model for common bridges.

* Verify FEA results and describe the importance of
validation efforts

* Describe the proper procedures for applying loads to a
FEA bridge model.

» Explain how to translate FEA results into design input and
code compliance.

e 2

o
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Course Evaluation

We value everyone’s input and feedback on this pilot training.
Please fill out and submit the evaluation form thru the link
provided in the chat box.

Q@

o
Loyl e e
US.Department of Transportation O RESOURCE CENTER
Federal Highway Administration 0p0

Final Thought

The boundary of structural engineering is unlimited, so is the
world of FEA.

)

090
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Questions & Comments?

e 0%o
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Thank You!
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